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Abstract 

The aim of this paper is to study further the universal toric genus of compact 
homogeneous spaces and their homogeneous fibrations. We consider the homoge- 
neous spaces with positive Euler characteristic. It is well known that such spaces 
carry many stable complex structures equivariant under the canonical action of the 
maximal torus T , As the torus action in this case has only isolated fixed points it 
is possible to effectively apply localization formula for the universal toric genus. 
Using this we prove that the famous topological results related to rigidity and mul- 
tiplicativity of a Hirzebruch genus can be obtained on homogeneous spaces just 
using representation theory. In that context for homogeneous SiJ-spaces we prove 
the well known result about rigidity of the Krichever genus. We also prove that 
for a large class of stable complex homogeneous spaces any T k -equivariant Hirze- 
bruch genus given by an odd power series vanishes. Related to the problem of mul- 
tiplicativity we provide construction of stable complex T k -fibrations for which the 
universal toric genus is twistedly multiplicative. We prove that it is always twist- 
edly multiplicative for almost complex homogeneous fibrations and describe those 
fibrations for which it is multiplicative. As a consequence for such fibrations the 
strong relations between rigidity and multiplicativity for an equivariant Hirzebruch 
genus is established. The universal toric genus of the fibrations for which the base 
does not admit any stable complex structure is also considered. The main exam- 
ples here for which we compute the universal toric genus are the homogeneous 
fibrations over quaternionic projective spaces. [] 
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1 Introduction 



The toric genus is an invariant of a stable complex manifold with an action of the torus 
T k , k > 1. It plays an important role in studying such manifolds, especially in those 
cases when the torus action has isolated fixed points [ 1 3 1 . The wide class of these 
manifolds has appeared recently in toric geometry and toric topology. The other class 
of well known classical manifolds with such action are compact homogeneous spaces 
G/H of positive Euler characteristic with the action of the maximal torus for G. In this 
case due to representation and Lie group theories it is possible to effectively describe 
invariant almost complex structures as well as the corresponding weights at the fixed 
points for the canonical action of a maximal torus 1031 . It allows us to, using toric 
genera, solve an outstanding problem of description of complex cobordism classes of 
homogeneous spaces [ 15 1. In particular, we effectively computed complex cobordism 
classes of homogeneous spaces such as flag and Grassmann manifolds related to the 
standard invariant complex structure. 

In this paper we further describe complex cobordism classes of flag manifolds and gen- 
eralized Grassmann manifolds related to an arbitrary invariant almost complex struc- 
ture. As a consequence we obtain the results on top Chern numbers s n for these spaces. 
The problem of the numbers s n is well known as the problem of multiplicative gener- 
ators in the complex cobordism ring ||3"T1 . 

Within the questions of toric genus of the equivariant stable complex fibration that we 
consider the two cases can be recognized. The first one is when the total space, base and 
the fiber are equivariant stable complex manifolds whose structures are compatible. In 
the theory of Hirzebruch genera the problem of multiplicativity of genus for fibrations 
is well known. We consider this problem for toric genera and prove the twisted product 
formula in this case. 

The second case is related to the notion, introduced in |[T3l , of toric genera for the 
family of the stable complex manifolds with torus action. This family consists of the 
bundles whose total space admits equivariant stable complex structure which also in- 
duces such a structure on the fiber and projection to the base is equivariant map. The 
analogous localization theorems are obtained for this generalization of toric genera. In 
our paper we study generalization of toric genera in the case of corresponding bun- 
dles of homogeneous spaces. We pay special attention to the bundles for which the 
base does not admit any stable complex structure such as the bundles over quatemionic 
projective spaces. 

The Hirzebruch genera appeared in algebraic geometry and became widely known due 
to the famous Atiyah-Singer theorem on index of differential operators on manifolds. 
They play a fundamental role in the theory of complex cobordisms and its applications. 
In all these areas in the focus of interest are classical genera such as the Todd genus, 
the signature and an arithmetic genus ||2T1 as well as modern genera such as an elliptic 
genus [34], the Krichever genus 1281 and the general Krichever genus flg), iflOl . The 
toric genus of a manifold has its values in the complex cobordism ring of the classifying 
space of the torus, while the toric genus for the families has its values in the complex 
cobordism ring of the Borel construction for the torus action on the base. Taking the 
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composition of the toric genus and mappings from the complex cobordism ring given 
by the Hirzebmch genera we obtain specialized toric genera. This opens an approach 
to the problems which are analogous to the well known problems such as rigidity ||2T1 . 
One of the most important result in this direction is the famous Krichever rigidity theo- 
rem for the Krichever genus on SU -manifolds ||28l . In our paper we obtain the results 
based on the deep connection between the rigidity problem of specialized genera and 
the theory of functional equations. 

The context of the paper is as follows. 

In Section 2 we recall the notion of a tangentially stable complex T fc -manifold and 
for the case when the action has isolated fixed points the formula from [13] which 
computes toric genera in terms of weights and signs of fixed points is given. We also 
recall [26 1 the notion of G-genus for any smooth G-manifold admitting a G-invariant 
stable complex structure, where G is a compact connected Lie group. This genus 
takes the values in the complex cobordism ring of the classifying space BG. Using 
the embedding of the torus T k in the group G we describe the relation among the 
corresponding genera. 

Section 3 is devoted to the universal toric genus on compact homogeneous spaces of 
positive Euler characteristic with an invariant almost complex structure and the canon- 
ical action of a maximal torus. We generalize our result from [15] to the flag mani- 
folds endowed with an arbitrary invariant almost complex structure as well as to the 
generalized Grassmann manifolds. We compute the top Chern numbers s n for these 
manifolds and note that most of them vanish. The class of homogeneous spaces ad- 
mitting an invariant ^[/-structure is also considered and such known examples among 
symmetric and 3-symmetric spaces are recalled. We describe the flag manifolds and 
some fc-symmetric spaces admitting a S'tZ-structure. 

Section 4 deals with the Krichever genus and the Hirzebmch genus given by an odd 
power series. The main tool we use is the representation theory of Lie groups and the 
localization criterion for T fc -rigidity of Hirzebmch genus [ 1 3] based on the localization 
formula for the universal toric genus. In this way we prove the result of 11281 that 
the Krichever genus is T fe -rigid on homogeneous 5J7-spaces. We also prove that any 
equivariant Hirzebmch genus defined by an odd series vanishes on flag manifolds and 
some fc-symmetric spaces. It, in particular, implies that an elliptic genus as well as an 
arithmetic genus vanish on these manifolds. Moreover, we prove that in the case of 
consideration for an arbitrary T™-stable complex manifold its equivariant genus is, up 
to sign, independent of the given equivariant stable complex structure. 

In Section 5 we deduce the explicit formula for the Xy - Hirzebmch genus in terms of 
weights and signs at a fixed point for homogeneous spaces of positive Euler charac- 
teristic endowed with the action of a maximal torus and an arbitrary equivariant stable 
complex structure. As the consequence, we deduce the known formulas [5 1, [22| for the 
signature as well as for the Todd genus of homogeneous spaces related to an invariant 
almost complex structure. 

In Section 6 we consider homogeneous fibrations endowed with compatible invariant 
almost complex structures and prove that for the universal toric genus of such fibra- 
tions the twisted product formula holds. We further describe those fibrations for which 
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the universal toric genus is multiplicative. The twisted product formula enables us 
to establish in this case the strong relations between the notion of T-rigidity and muli- 
plicativity for an arbitrary Hirzebruch genus. This is another way to obtain a large class 
of homogeneous spaces having a trivial signature, an arithmetic genus and an elliptic 
genus. 

In Section 7 we generalize the notion of compatible almost complex structures on ho- 
mogeneous fibrations to arbitrary fibrations. Moreover supposing the base and the fiber 
are T fe -equivariant stable complex manifolds, we provide a construction of the corre- 
sponding fibration for whose universal toric genus the twisted product formula holds. 

Section 8 deals with the universal toric genus of the bundles whose total space and base 
are endowed with the smooth actions of the torus T k , related to which the projection is 
an equivariant map. It is also assumed that the total space admits a T^-equivariant sta- 
ble complex structure which induces a stable complex structure on the tangent bundle 
along the fibers. We explicitly compute the universal toric genus for some examples 
of such bundles over quaternionic projective spaces, for which it is known that they do 
not admit any stable complex structure. 

2 Toric genera 

We refer to lTT~3l and lfl5l for detailed account regarding the notions of universal toric 
genus. 

2.1 Tangentially stable complex T fc -manifolds. 

We consider a tangentially stable complex T fc -manifold (M 2n , c T ,8). It means that on 
a compact manifold M 2n are given the stable complex structure c T and the action 6 of 
the torus T k which are compatible meaning that 

c T : r(M 2n ) 8 R 21 -> f 

is a real isomorphism for some trivial bundle R 2 ' and some complex vector bundle £ 
on M 2n and the transformation given by 

r (f) : £ ^ T (M 2n ) M 21 M -^f Z r(M 2n ) © R 21 £ (1) 
is a complex transformation for any t € T k . 

For the triple (M , c T , 8) it is defined the universal toric genus as follows. The Borel 
construction provides fibration 

M 2n _^ ET k M 2n ^yfc ^ 

whose tangent bundle along the fibers is endowed with the stable complex structure. 
Consider the corresponding Gysin homomorphism 

pi : U*{ET k x Tk M 2n ) -> U*{BT k ), 
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where U* (X) denotes the theory of unitary cobordisms of the space X. The universal 
toric genus of the triple (M 2n , c T ,9) is defined by 

<S>(M 2n ,c T ,9) =p,(l) . 

Recall that U*(BT k ) — fl!y[[ui, . . . , Uu]] is the algebra of formal power series over 
f2y, where by Milnor-Novikov theorem [31] we have that U*(pt) = fijy = Z[ai, 02, . . . 
and deg Qj = —21 It is proved in |[T4l that the universal toric genus can be expressed 
in the following way 

$(M 2n ,c T ,9) = [M 2n ] + J2 [Gu{M 2n )]u u , (2) 

M>o 

where u = (ii, . , . , ife) and u w = u^ 1 ■ • • u 1 ^ . Here [M 2n ] denotes the complex cobor- 
dism class of the manifold M 2n with the stable complex structure c T and G LJ (M 2n ) is 
the stable complex manifold which is obtained as the total space of the fibration over 
the base B u with the fiber M 2n . The base B u is obtained using Bott tower and it is 
cobordant to zero for any 10 such that \w\ > 0. 

Under some additional assumptions the universal toric genus can be expressed in terms 
of the formal group in complex cobordisms. The formal group in complex cobordisms 
is studied in detail in [32] and it is defined by 

F(u,v) =c?(r h ®T/a) E U 2 (BT 2 ) , (3) 

where by 771 and 772 we denote the universal complex line bundle over CP°°. After 
putting c( (?7i) = u, 0^(772) = v E [7 2 (CP°°) we have that 

F(u, v) = u + v + aijU l v^ 

for some g il v 2 ^ +j 1) , i > 1, j > 1. This group is, by the result of ED 
isomorphic to Lazard's universal formal group. 

For the formal group F(u, v) it can be uniquely defined the corresponding power sys- 
tem {[n](u) € fly [[«]], n € Z} by the following rule: 

[0](u) = 0, [n](u) = F(u, [n - l](u)) for 71 € Z . 

For n = (ni , . . . , rtf.) € Z fc and u = (iti , . . . , Ufe) one defines [n] (u) inductively with 
[n](u) = [n] (u) for k = 1 and 

[n](u) = F^JrgK) = F^ti 1 WK), MM) 

for k > 2. Using (0 this also can be presented in terms of the first Chern class for the 
universal complex line bundle r)i over CP 00 as 

[n}(u)=cY(vT^---^v2 k ) for n=(n u ...,n k ) E Z| . 

If all fixed points for the action 9 on M 2 ™ are isolated, it is proved in lfT3l . Ifl4l that, 
appealing to the formal group, the universal toric genus for (M 2n , c T , 9) can be local- 
ized meaning that it can be expressed in terms of the local data at the fixed points for 
the action 9 related to c T . 
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Let p be an isolated fixed point. It is defined the sign(p) to be equal +1 if the map 

r p {M 2n ) ^ T p {M 2n ) © R 2 ' ^4 C P = C" © C l C n 

preserves the orientation, otherwise it is equal —1. Recall that here the orientation in 
T p (M 2n ) comes from the stable complex structure c T and it is not related to the action 
of the torus T k , while the orientation of C n on the right hand side coincides with the 
orientation in T p (M 2n ) which comes from the torus action. The action 9 at a fixed point 
p gives rise to the representation r p of T k in GL(n, C) for which is known from repre- 
sentation theory to be determined by its weights vector {Ai(p), . . . , A n (p)}. Namely, 
the representation r p decomposes into the sum of n non-trivial one-dimensional repre- 
sentations r p j. Each of r p j can be written as r Pt j(e 2 ™ Xl , . . . , e 2lTlXk )v = e 27 ™< A j(p). x } v, 
for some Aj{p) = (A)(p),...,A k (p)) G Z fe where x = ( Xl ,...,x k ) e R fe and 
(Aj(p),x) = Y^,i=i MCp)- Then the localization formula for the universal toric genus 
of (M 2n , c T , 9) is given by the following Theorem lfT3l . 

Theorem 2.1.1. If all fixed points for the action 9 are isolated then 

where P denotes the set of fixed points and {Aj(p), 1 < j < n} are the corresponding 
weight vectors at p G P. 

2.2 The notion of G-genus. 

Assume that (M 2n , c T ) is a stable complex manifold and it is given on M 2n the smooth 
action T of a compact connected Lie group G such that (M 2n , c T , T) is a tangentially 
stable complex G-manifold. It means that the composition 

£ ^4 r(M 2n ) ffi R 2Z d ^ T (M 2n ) (BR 21 ^£ (5) 

is a complex transformation for any g € G. Using Borel construction one obtains 
fibration 

M 2n EG Xq M 2n -A BG . 
The corresponding Gysin homomorphism 

p\ : U*(EG x G M 2n ) U*(BG) 

defines the G-genus for M 2n to be an element in U* (BG) given with 

$ G (A/ 2 ",c T ,r)= w (i). 

Example 2.2.1. Let M 2n = G/H, where G is a compact connected Lie group, H is 
its closed connected subgroup and J is an invariant almost complex structure on G/H, 
see Subsection 13. II We can take T to be given by the canonical action of G on G/H. 
The action T commutes with the structure J, so it is defined $c(G/H, J). 
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Let T k be the maximal torus in G. The action T restricted to T k defines the smooth 
action 9 of T k on M 2n such that the triple (M 2n , c T , 9) is a tangentially stable com- 
plex T fe -manifold. Since the universal toric genus $(A/ 2 ™, c T , 9) is an element in 
U*(BT k ) it naturally arises the question how the genera $c and $ are related. We 
already considered the similar question in [15] for homogeneous spaces G/H of posi- 
tive Euler characteristic endowed with the canonical action of the maximal torus and a 
G-equivariant stable complex structure. 

Lemma 2.2.2. Let Bj* : U*(BG) -> U*(BT k ) be the homomorphism induced by 
the embedding j : T k — > G. Then 

Bf(<f> G (M 2n ,c T ,T)) = <S>(M 2n ,c T ,9) . (6) 
Proof. The embedding j : T k C G produces the commutative diagram 

ET k x Tk M 2n EGx G M 2n 

" 

BT k s> BG, 

what implies the statement since the Gysin homomorphism is functorial for bundles 
connected by the commutative diagram. □ 

Note that if H*(G, Z) has no torsion, since f2y has no torsion, the Atiyah-Hirzebruch 
spectral sequence gives that U* {BG) is a free 57^-module and the natural map U* {BG)®q.* v 
Z — > H* (BG,Z) is an isomorphism. It implies that in this case U*(BG) is the 
algebra of formal power series over the variables that correspond to the integer gen- 
erators of the Weyl invariant polynomial algebra M.[xi, . . . ,Xk] w °- Namely, recall 
a classical result j3] that H*(BG,M) = R[xi, . . . x k ] Wa and it has k generators 
Pi , . . . , Pfc whose degrees are given by the twice of the exponents of the group G. 
Then Bj* U* (BG) = fl^ [[Pi, . . . , F%]]. Together with previous Lemma it implies: 

Lemma 2.2.3. If the action 9 of the torus T k on M 2n can be extended to the stable 
complex action of a compact connected Lie group G having T k as a maximal torus, 
such that H*(G, Z) has no torsion then the universal toric genus (&(M 2n ,c T ,9) G 
f2£f[[ui, . . . is invariant under the action of the Weyl group Wq meaning that 
$(Ajf 2 ™, c T , 9) G f2^[[Pi, . . . , Pk}} where Pi, ... P k are the integer generators of the 
Weyl invariant polynomial algebra R[i*i, . . . , Uk] Wc - 

3 The universal toric genus of homogeneous spaces 

We consider compact homogeneous spaces G/H meaning that G is a compact con- 
nected Lie group and H is its closed connected subgroup. 
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3.1 On invariant almost complex and complex structures on homo- 
geneous spaces. 

In ifTSl we studied cobordism classes of compact homogeneous spaces G/H of positive 
Euler characteristic related to the stable complex structures which are equivariant under 
the natural action of the maximal torus T for H and G. We devoted special attention to 
the almost complex structures which are furthermore invariant under the natural action 
of the group G. Recall that an almost complex structure J on a connected manifold 
M 2n is given by the smooth field of endomorphisms J x , x G M 2n of the tangent 
bundle r(M 2n ) such that for any x G M 2n the identity J 2 = —Id is satisfied. It 
follows from (fl]i that J is a stable complex structure as well where we take £ = t(M 2ti ) 
and c T = J. An almost complex structure J on a homogeneous space G/H is said 
to be invariant under the canonical action of the group G on G/H if Jt b (g///) — 
g* Jt c {g / H) for an Y where T g (G/H) denotes the tangent space for G/H at the 

point g ■ H. 

We refer to |4j as the seminal work where the problems of the existence and the de- 
scription of invariant almost complex structures on homogeneous spaces are studied. It 
is proved that: 

• any such space for which subgroup H is the centralizer of an element of odd 
order of the group G admits an invariant almost complex structure; example of 
such space is sphere S 6 . 

• any such space G/H for which H is the centralizer of a toral subgroup in G 
admits an invariant complex structure; 

• if G/H admits an invariant almost complex structure then it admits exactly 2 s 
invariant almost complex structures, where s is the number of irreducible sum- 
mands for the isotropy representation of H at T e (G/H). 

The quaternionic projective spaces HP™, n > 1 provide examples of compact homo- 
geneous spaces of positive Euler characteristic which admit no almost complex struc- 
ture HI, 11301. 

Regarding the question of the existence of invariant complex structures on arbitrary 
compact homogeneous spaces we recall the results from fl3l . A homogeneous space 
G/H of a compact Lie group G is said to be a M -space if H is the semisimple part 
of the centralizer of a toral subgroup for G. Among examples of A/-manifolds are 
the compact simple Lie groups, the complex Stiefel manifolds, the quaternionic Stiefel 
manifolds and the ordinary Stiefel manifolds of the form V n ,2k- A homogeneous space 
G/H is said to be a C-space if the semisimple part of H coincides with the semisimple 
part of the centralizer of a toral subgroup of G. Then in ll43l it is proved: 

• Any even dimensional A/-space admits infinitely many non-equivalent invariant 
complex structures and so does the product of two odd-dimensional ones. They 
have vanishing the second Betti number and hence they are not Kahler. 

• Any even dimensional C-space admits an invariant complex structure. 
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• Any homogeneous space which admits an invariant complex structure is home- 
omorphic to some C-space. 



We want to point that homogeneous spaces G/H for which rkH < rkG or what 
is equivalent with saying that Euler characteristic for G/H is zero, are not interesting 
from the point of view of equivariant cobordism theory. Namely, let G/H be a C-space 
such that rkH < rkG and let L be the centralizer of a toral subgroup in G whose 
semisimple part coincides with the semisimple part of H . Since rk L = rk G, we have 
that the dimension of the center of H is strictly less than the dimension of the center of 
L, what implies that there exists a toral subgroup T , I > 1 in G such that the canonical 
action of T l on G/H is free. Therefore we have the existence of the circle S 1 C T l 
acting freely on G/H. Consider the associated disc bundle W = G/H x gi D 2 . The 
boundary of W is diffeomorphic to G/H by gH — > [(gH, 1)] what means that G/H 
is equivariantly cobordant to zero. 

3.2 Generalities. 

Following [4 1 we shortly remind on the description of invariant almost complex struc- 
tures on compact homogeneous spaces of positive Euler characteristic. Any such struc- 
ture J can be identified with a complex structure on T e (G/H) which commutes with 
the isotropy representation for H at T e (G/H). Denote by g, f) and t the Lie algebras 
for G, H and T k respectively, where k = rk G = rk H and T k is the maximal torus 
for G and H . Let ax, ■ ■ ■ , ot m be the roots for g related to t, where dim G = 2m + k. 
One can always choose these roots such that a n +i, ■ . ■ , a m give the roots for f) related 
to t, where dimiJ = 2(m — n) + k. The roots a%, . . . ,a n are called the comple- 
mentary roots for g related to f). Using root decomposition for g and f) it follows that 
T e (G/H) = g^ ® . . . © where by g Q . is denoted the root subspace defined with 
the root on. 

Since J is invariant under the isotropy representation for H and, thus for T k , it induces 
the complex structure on each complementary root subspace q , ■ ■ ■ , Q an ■ Therefore, 
J can be completely described by the root system eiai, . . . , e n a n , where = ±1 
depending if J and the adjoint representation Adr define the same orientation on g a . 
or not, where 1 ^ i ^ n. The roots eton are called the wots of the almost complex 
structure J. 

We consider a homogeneous space G/H with the canonical action of the maximal 
torus T k and an invariant almost complex structure J. It is proved in |[T5l that the 
weights for the canonical action of the maximal torus T k on G/H at the fixed point 
w € Wq/Wh for this action related to the structure J are given with w(eiaj), 1 < 
i < n. Consequently it is deduced in |fT31 that the universal toric genus for (G/H, J) 
is given by the formula 



For the Chern-Dold character [8 1 of the universal toric genus for (G/H, J) it is proved 
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in JT5 1 to be given by the formula 



/w i (w(e fc a fe ),x) 

where Wg and Wh are the Weyl groups for G and P, and f(x) = 1 + a\x + a^x 1 + 
. . . + a n x n + . . . for a,i G Sl^^Z). Here x denotes the first Chern class of the Hopf 
line bundle over CP 00 and x — chug(u), where g(u) is the logarithm of the formal 
group in complex cobordisms [32|. 

Remark 3.2.1. Recall [8] that fi^(Z) is the subring of fi^ ® Q generated by the ele- 
ments having integer Chern numbers. More precisely, O^(Z) = E (Z) where 

n>0 

fi" 2 "(Z) = {a e fi^ O Q : s w a e ^ = Z for s w G SWJ and S = £ S 2n is 

n>0 

the Landweber-Novikov algebra. It is proved in [8 1 that ^1^(1) — Z[&i, 62, . . .], where 
b n = ^jzj^, n, > 1. Recall also [8] that the Chern-Dold character in complex cobor- 
disms splits into the composition U*(X) ^-4 H*(X, Ojy-(Z)) -> H*(X, ^ ® Q) 
and chu(g(u)) = x, chjj(u) — g^ 1 (x), where u = 0^(77), x — c^(rf) are the cobor- 
dism and the cohomology first Chern classes for the Hopf line 7/ bundle over CP 00 . 
The series g(u) = u + E 7n~r^ i s tr| e logarithm of the formal group low in 

n>l 

complex cobordisms. For its functional inverse series it is proved in [8| to be given 
by g-\x) = x + £ Where S 6 ^ 2 "( Z )- Since c/i^ = jfa = 

n>l 

g~ x (x), it implies that f(x) = 1 + a\x + C12X 2 + . . ., where € 0^ 2l (Z). 

It follows lfl5ll that the complex cobordism class for (G/H, J) can be obtained as the 
coefficient in t n in the polynomial 

>p tt /(t(w(£ t q,),x)) 
It is also proved in [ 15 1 that the tangential characteristic numbers s w in cobordisms for 

n 

(t(G/H), J), where cj = (ii, ■ ■ ■ i n ) and ||w|| — £ Pj — n > can t> e computed by the 
following formula 



Su (t(g/h),j)= yi w ( f ::.7 )> < io > 

w£W G /W H 1 " 

where t„- = (e^ou , x) and f u (tx,... t n ) is given by the expression 

n 

II /(*<) = 1 + S -^C* 1 ' • - • ' *»)°"- 

In ifTSI are obtained the formulae for the cobordism classes and computed some char- 
acteristic numbers s u of the flag manifolds and the Grassmann manifolds related to the 
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standard invariant complex structure. We generalize further these formulas to an arbi- 
trary invariant almost complex structure on flag manifolds and generalized Grassmann 
manifolds. 

3.3 Flag manifolds U(n)/T n . 

Recall that as U(n)/T n admits 2 m invariant almost complex structures where m = 
"fo"" 1 ) , as it is totally reducible. Let J be an arbitrary invariant almost complex struc- 
ture on U(n)/T n and let ay — Xi — Xj, 1 < i < j < n be the roots for U(n). 
The structure J is described by its roots e,jQ!y, where e,*j = ±1. The Weyl group 
for U(n) is the symmetric group S n . Using ([SJ, in analougos way to that in fl31 . we 
straightforwardly deduce the following statement. 

Theorem 3.3.1. The Chern-Dold character of the toric genus for the flag manifold 
(U (n)/T n , J) is given by the formula 

ch u ^(U(n)/T n 1 J)^^-J2 si ^(' J ^( II /teifa-Si)). C 11 ) 

™ o-SSn l<i<j<n 

where X = f] e ij' men = ( x i ~ x j) an d /CO = 1 + S a $> while 

l<2<j<n l<_i<j<n i>l 

sign(cr) is the sign of the permutation a. 

Following 031 . we simplify this formula using divided difference operator L. Re- 
call Eg) that L is defined by 

= -r- sign(a)o-(x e ) , 

where £ = (ji , . . . , j n ) and = x^ 1 ■ ■ ■ x^ . We make a use of the following proper- 
ties of the operator L: 

• Lx 5 = 1 for 6 = (n - 1, n - 2, . . . , 1, 0); 

• Lx^ = sign(<7)Ler(x^) forer g 

• Lx^ = for £, — {ji > ■ ■ ■ j n > 0) and £ ^ 5 + // for some // = (/^i > • • • /i n > 
0). 

Let 

II /(^(^ - ^)) = 1 + X! ^(ax,...,^,...)* 1 ^ , (12) 

l<i<j<n |£|>0 
n 

where £ = (ji, ■ ■ ■ ,j n ) an d |£| = j q . It follows from ( fTTT i that 
chuHU(n)/T n , J) = A- ^ P 5 Lx ? . 

ISI>m 

In particular, we obtain the formula for the corresponding cobordism class: 
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Corollary 3.3.2. 

[U(n)/T n , J] = A • sign(a)P a{5) (a 1 ,...,a n ,...) , 

w/zere 5 = (n — 1, n — 2, . . . , 1, 0). 

Using ([Tol l we derive that the characteristic number s m (U(n)/T n , J), where m = 
"C""" 1 ) can be expressed in terms of the operator L as: 

s m (U(n)/T n ,J)=X- ]T Liajixi-Xj))™ . (13) 

l<i<j<_n 

For n > 3 this will be polynomial in more then three variables, whose each monomial 
contains at most two variables. Therefore, taking into account the given properties of 
L we obtain : 

Corollary 3.3.3. 

fit T) — 1 ) 

s m (U(n)/T n , J) = Ofor n > 3, where m = '- . (14) 

In general, to describe an arbitrary uj — (ii, . . . , i m ), X)2=i = TO we can P ro ~ 
ceed as in lfl5l . For (ui, . . . , u m ) = (eij(x{ — Xj), i < j) we consider the orbit O w 
of the monomial (ui • • • w ll )(uf 1+1 ■ ■ • wf 1+ia ) ■ ■ • (u^ + ... +im _ }+1 ■ ■ ■ u™ + ... +i J un- 
der the action of the symmetric group S m . Recall that the orbit of a monomial u v is 

defined by 0(u n ) = u '' where the sum goes over the orbit {77 = arj, a G S m } 
and u v — • • • for 77 = (771, . . . , rj m ). The orbit O w can be written as 

lfl=m 

for a u .(: G Z. Therefore we obtain that 

s w (£/(n)/T n ) = A • a u ^Ly^ = A • sign(tr)a U:(T(5) . 

|f|=m aeS„ 

It can be also proved in the same way as it was done in lfl5l for the standard invariant 
complex structure, that for n > 4 the cobordism class of the flag manifold U(n)/T n 
related to an arbitrary invariant almost complex structure J is given as the coefficient 

, n(n-l) . 

at t 2 m the series 

n— In V '£n— 1 

l<i<j<n 

where /(<) = X) «2i— 1 i 2 ' - 1 - It is the same as the coefficient at i - ^ " in the series 

i>i 

£l2£n-ln(^L(f{t(xi-X 2 ))f(t{x n -i~X n )) ]Q f(tCij (x t - Xj)) J . (15) 

(i, j)^(l, 2), (n-l,n) 
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Example 3.3.4. Analogously to fI31. using (TTBll we compute S(i :0 ,o,o,i,o)(^(4)/7 l4 , J) = 
^1263480 for an arbitrary invariant almost complex structure J. It is also easy to com- 
pute 

S(o,o,2 : o,o : o)(C / (4)/T 4 , J) = ei2e 34 L(Oi - x 2 ) 3 (x 3 - x 4 ) 3 ) 

= 3ei2£34,L((x 1 X3X 4 — x\x\x 4 ) + {x\x\x\ — x\x2x\) + 

+ (xlx 2 xl — Xix\x\) + (x 2 X 3 Xi — X2X3X4)) 

= 6ei 2 e 3 4L(a; 1 a;3a; 4 + Xix 2 x 3 + x 1 x 2 x i + x 2 x 3 x 4 ) 
= -24ei 2 e 34 . 

The fact that the characteristic numbers S(i,o,o,o,i,o) an d 5 (o, 0,2, 0,0,0) f° r {U(4)/T 4 , J) 
are nontrivial implies that the cobordism class for (£/(4)/T 4 , J) is multiplicatively 
indecomposable in Cljj. Otherwise, it can be represented as the product of two factors 
one of which should be multiple of a 1 and the other should be from Z [a 1, . . . ,05]. This 
further would imply that S(o,o.2,o.o.o)(t^(4)/7 l4 , J) = Owhatis not the case. 



3.4 Generalized Grassmann manifolds 

They are defined with G qi+ ... +qkyqu ..., qk _ 1 =U(q 1 + .. . + q k )/U(q 1 ) x . . . x U(q k ), 
where q\, . . . ,q k > 2 and k > 2. In [15 1 we computed the cobordism classes of 
the classical Grassmann manifolds G qi + q2 , qi , qi,q 2 > 2, related to the unique, up to 
conjugation, invariant complex structure. We push up further these results calculating 
the top Chern numbers s qiq2 for G qi + q2:qi . 

Proposition 3.4.1. 

s <zi92( G 9i+g2,<?i) = 0forqi,q 2 > 3 . (16) 

Proof. It is proved in [ 15 1 that the cobordism class for G qi + q2:qi is given as the coef- 
ficient in t qiq2 in the polynomial 

—^—L(A qi A qi+hqi+q . 2 TT f{t{xi~xj))\ 

™ ! V !<i< gi ' 

where A Pi9 = j f (xi — xj). It implies that the top Chern number s qiq2 is given 

l<i<j<q 

by 

5 gi92 (G qi + q2 ,qi ) — j r-M A qi A qi +i_ qi + q2 y (x,i — Xj) qil!2 ) . 

qi\q 2 '. v — ' 



1<'<<?1 

11 + 1< j<91 +12 



In order to see when this number is non-trivial, because of the properties of the operator 
L, we need to consider on the right hand side only monomials having q\ + q 2 — 1 
variables with the degrees q\ + q 2 — 1, q± + q 2 — 2, . . . , 1 in some order. Therefore 
we must have a variable in such monomial which comes from A qi or A qi +i iqi + q2 and 
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whose degree is > q% + q-2 — 3. The degrees of variables in the monomials A qi or 
A 9l+ i , 9l + g2 are < qi — 1, q% — 1 respectively. It follows that qi — 1 > qi + q2 — 3 or 
92 ^ 1 > qi + qi — 3, what implies that one of q\ or q2 is equal to 2. □ 

Remark 3.4.2. Because of Proposition l3.4.1l classical Grassmann manifolds that might 
have non-trivial top Chern numbers are Gq+2,2 = U(q + 2) /U(2) x U(q). In lfl5ll we 
computed s^G^) = —20. For g = 3we obtain 

^ 55 
se(G 5 ,2) = j^L^(x 1 -x 2 )(x 3 -X4){x 3 -x 5 )(x 4 -x 5 )C^2(xi-x l ) e +^2(x2-x i ) 6 ^ = 70. 

i—3 i—3 



Let us consider now an arbitrary generalized Grassmann manifold Gq 1 +...+q h ,qi,...q h _ 1 , 
where Qi,...,qk > 2 and k > 2. Recall that any invariant almost complex structure 
on a homogeneous space G/H is determined by its roots which can be divided into the 
groups that correspond to the irreducible summands in T e (G/H) related to the isotropy 
representation for H. 

k(k-l) 

Lemma 3.4.3. The generalized Grassmann manifold G qi +,,,+ qk>qit ,,, qk _ 1 has 2 2 
invariant almost complex structures. 

Proof. The complementary roots for U(qi + . . . + qk) related to U(qi) x ... x U(qk) 
are, up to sign, Xi — Xj, where q\ + . . . + <#_i + 1 < i < q\ + . . . + qi and 
qi + . . . + qi + 1 < j < qi + . . . + qk for 1 < I < k — 1. Therefore they can 
be divided into the groups Ri 2 , . . . , Rik, ■ ■ ■ , R23, • ■ • , R-2k, ■ • ■ , Rk-ik where R io = 
{x u -Xi jl qi + . ..qi-i+1 <k< q\ + . . . + q l ,qi + . . . + qj-i + l < lj < qi + . . - + qj}. 
The sum of the root subspaces corresponding to each Rij will be invariant under 
the isotropy representation for H what implies that on G 9l +...+ 9( ., gii ... i9( ._ 1 we have 

2 2 invariant almost complex structures. □ 



Let now J be an invariant almost complex structure on Gq 1 +...+g fci9l ...., gfc _ 1 . It is 
defined by the roots dj(xi — Xj), where qi + ,.. + qi-\ + l<i<q\ + ... + qi and 
qi + . . . + qi + 1 < j < qi + . . . + q^ for 1 < I < k — 1, and e t ± 1. Note that for a 
fixed I the corresponding are equal for qi+... + q s + l<j<qi+... + q s +i, 
where I < s < k — 1. 

Theorem 3.4.4. The cobordims class of the generalized Grassmann manifold G 9l +...+g 
related to an invariant almost complex structure J is given as the coefficient in t m , 
m = Qilj ' n tne series in t 

l<i<j<k 

— — :L(A qi x A qi+hqi+q2 x ... x A, 1+ ... 9fc _ 1+ i, 9l+ ... +9i TT f(teij (xi-Xj))) , 

qx ! • • • q k ! \ / 

(17) 

where A = a«rf ^p,<j = II (^i — x j)- 

p<i<j<q 
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Corollary 3.4.5. 



s m (G qi+ ... +qk , qi ,..., qk _ 1 , J) = for k > 3, where m = ^ g^. (18) 

l<i<j<fc 

Proof. We obtain from the formula ([PTt that the number s TO , m = X) Qilj * s 

i<i<j<fe 

given by 

Sm(Gq 1 + ...+q k ,q 1 ....,q k _ 1 , J) = (19) 
1 r-k (^81^91+1,81+92 ••• + .+<? fc -i+l, (?i + .. .+gfc(eii( a; i ~ ^j))™) 7 

gi ! • • • qk ! V / 

where gi + . . . + q t + l < i < q\ + . . - + qi+i andgi + . . . + q i+1 + l < j < q x + . . . + q k 
for < I < k — 2. If assume this number to be non-trivial, the properties of the 
operator L as in the case of the proof of Proposition 13. 4. II would imply that we must 
have a monomial in the right hand side of ( TT9l > in which the variable coming from 
A 9l A qi+1 , qi+ q 2 ■ ■ ■ &q l +...+q k _ l +i,q l +...+q k has degree > q x + . . . + q k - 3. Since 
any such variable has degree < max{qi — 1, . . . , qk — 1} it would imply that the sum 
of some k — 1 numbers among gi, . . . , qk is < 2 what is impossible for k > 3. □ 

Remark 3.4.6. The top Chem numbers s n have a special role in the complex cobor- 
dism theory as they determine the multiplicative generators in the complex cobordism 
ring BP . Therefore when considering homogeneous spaces equipped with an invari- 
ant almost complex structure, the following questions arise to be important to consider: 
compute their top Chern numbers, determine those homogeneous spaces having non- 
trivial top Chern numbers and find homogeneous space of a given dimension having the 
minimal non-trivial top Chern number. Related to these questions, the Grassmann and 
the generalized Grassman manifolds reduce to the case Gg+2.2, as Proposition 13.4. 11 
Remark f3 .4.21 and Corollary 13 .4.5 1 show. We want to point that the question of stable 
complex structures on the Grassmann and the generalized Grassmann manifolds with 
non-trivial top Chern numbers we consider to be open. Note that although most of the 
Grassmann manifolds have trivial top Chern number, they do not fiber in the class of 
homogeneous spaces. On the other hand flag manifolds fiber, but as Example 13.3.41 
show they still do not have to be decomposable in the complex cobordism ring. Recall 
also lfl5ll that the top Chem number for CP™ related to the standard complex structure 
is n + 1 and it is minimal for n = p — 1, where p is a prime number. For example, it 
is minimal for n = 1 and n = 2, but it is not minimal for n = 3. On the other hand, 
as it is showed in [15], there exists on CP 3 the equivariant stable complex structure 
whose top Chem number is 2 and thus minimal. Note that in the same way one can 
show that CP 2n+1 for any n > admits equivariant stable complex structure whose 
top Chern number is equal to 2, but for n > 2 it is not minimal. We also want to recall 
that among 6-dimensional stable complex 5 [/-manifolds the minimal value for the top 
Chern number is 6 and it is realized by S 6 endowed with the invariant almost complex 
structure. 
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3.5 Homogeneous SU -manifolds 



We say that an even-dimensional stable complex manifold (M 2n , J) is a SV-manifold 
if it's first Chern class vanishes. In this paper we consider homogeneous S'tZ-manifolds 
(G/H, J) of positive Euler characteristic, meaning that J is an invariant almost com- 
plex ST/-structure. It follows from [4 | that the total Chern class for (G/H, J) can be 
obtained using root description for J. If eiai, . . . , e n a n are the roots for J then the 
total Chern class for (G/H, J) is given by 

n 

c(G/H, J)=\{(l+e l a l ). 

i=l 

It implies that the first Chern class is 

n 

c x (G/H, J) = y^gjaj. 

i=l 

Therefore for (G/H, J) being a S'tZ-manifold the roots for J satisfy the condition 

n 

2J Sion = 0. 

i=l 

Remark 3.5.1. If we assume J to be integrable, it follows from [4| that it can be chosen 
an ordering on the canonical coordinates for t such that the roots S\ai, . . . , e n a n which 
define J form the closed system of positive roots. Note that this implies that for an 
integrable J a homogeneous complex manifold (G/H, J) can not be a S'tZ-manifold. 

3.5.1 Examples of symmetric and 3-symmetric S'JJ-manifolds. 

If the second Betti number for a manifold M 2n is zero, then (M 2n ,J) is a SU- 
manifold for any almost complex structure J on M 2n . The list of all symmetric spaces 
which admit an invariant almost complex structure, but which do not admit any in- 
variant complex structure since their second Betti number is zero is given in (4): S 6 , 
Fi/A 2 x A 2 , E 6 /A 2 x A 2 x A 2 , E 7 /A 2 x A s , E/ S /A s and E 8 /A 2 x A 6 . The ex- 
istence of an invariant almost complex structure on these spaces, as it is shown in PI , 
follows from the fact that for any of them the stationary subgroup is the centralizer of an 
element of order 3 or 5 of the group. These spaces provide examples of SU -manifolds. 

If G/H is a 3-symmetric space then H is the fixed point subgroup of some automor- 
phism 9 of the group G of order 3. It is well known that any such space admits the 
canonical almost complex structure J defined by 

where Id is the identity transformation of T(G/H) and 6 = d6. 
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It is proved in ll24l that the first Chem class that corresponds to the canonical almost 
complex structure vanishes for exactly the following compact irreducible 3-symmetric 
spaces of the classical Lie groups: 

SU(3m)/S(U(m) x U(m) x U(m)), m > 1, 
5C(3m- 1)/U(m) x SO(m- 1), m ^ 2, 
Sp^m- l)/t/(2m- 1) x S'p(m), m > 1. 

Therefore, these spaces provide examples of homogeneous StZ-manifolds. 

Remark 3.5.1.2. The question of vanishing of the first Chern class for the canonical 
almost complex structure on 3-symmetric spaces is considered in [24 1 and in a connec- 
tion with the existence of Einstein metric. It is known [17| that the canonical almost 
complex structure J on a 3-symmetric space is nearly Kahler. From the classification of 
3-symmetric spaces done in [45 1 it follows that the canonical almost complex structure 
is not Kahler only for the following these spaces: SU(n + 1)/ S(U (k) x U(m — k) x 
U(n-m + l)), 1 < k < m < n, SO(2n + l)/U{m)xSO(2n-2m + l),2 ^ m ^ n, 
Sp(n)/U(n) x Sp(n - m), 1 < m < n - 1, SO(2n)/U(m) x SO(2n - 2m), 
2 ^ m ^ n — 1, n ^ 4. As it is proved in [44] the vanishing of the first Chern class 
for a nearly Kahler structure that is not a Kahler gives the sufficient condition for the 
existence of a compatible with that structure Einstein metric. Within the nearly Kahler 
and not Kahler 3-symmetric spaces G/H the listed ones have vanishing the first Chern 
class and it gives the sufficient condition for the normal homogeneous metrics on G/H 
to be Einstein. This is proved in [24] using classification of irreducible compact simply 
connected 3-symmetric spaces from B31 and the results of |0J. 

We generalize the first series of the above 3-symmetric spaces to analogous fc-symmetric 
spaces [41 1 . 

Proposition 3.5.1.3. The k-symmetric space M — U{km)/{U(m) x • • • x U(m)) 

" v ' 

fe 

admits an invariant almost complex SU -structure for odd k. 

Proof. The complementary roots for U{km) related to {U(m)) k can be, up to sign, di- 
vided into the groups R 12 , . . . , R lk , R 23 , . . . , R 2 k, ■ ■ ■ , Rk-ik, where R i;j = {x( i _ 1)m+8 - 
x (j-i)m+i j 1 < s < m}. The roots of an arbitrary invariant almost complex structure 
J are given with eijRij where = ±1 can be chosen arbitrarily and 1 < i < j < k. 
It implies that 

km i—1 fe 

ci(M,J) = mJ2(-J2 e J i+ e ^ Xi - 

i=l j=l j=i+l 

Let J be defined by putting = (— Then 

km i—1 k 

c 1 (M,j) = mj2(-iy +1 (-J2(- i y+ E (-i)')*i = o. 

i=l j=l j=i+~l 

since by assumption k is odd. □ 
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For k = 3 proceeding as in the proof of Proposition 13 .5 . 1 . 31 we obtain: 

Corollary 3.5.1.4. The canonical almost complex structure is unique, up to conjuga- 
tion, invariant almost complex SU -structure on U (3m)/(U(m) x U(m) x U(m)) and 
its roots are given with 

Xi — Xj, 1 < i < m, m + 1 < j < 2m, 

Xj — Xi, 1 < i < m, 2m + 1 < j ' < 3m, 

Xi — Xj, m + 1 < i < 2m, 2m + 1 < j < 3m. 



3.5.2 Examples of 5t/-flag manifolds. 

Let us consider the flag manifolds U (n)/T n , n 1. The roots of any almost complex 
structure are given with e^ay, where ay = (xi — Xj), 1 ^ i < j ^ n, are the roots 
for 

Lemma 3.5.2.1. For n even the first Chern class of any invariant almost complex 
structure on the flag manifold U (n)/T n is not trivial. 

Proof. Note that = — an for 2 ^ i < j ^ n, where a 12 , . . . , a\ n are linearly 
independent. Let J be an invariant almost complex structure on U(n)/T n with roots 
EijOtij, 1 < i < j ^ n. lfci(U(n)/T n ,J) = we would have that 



E 



what can be written as 



n 3—1 

E(E £l J ~ E e J l ) ai J 
3=2 i=l i=J+l 



This would imply that 



3-1 n 

J2 - J2 = for 2 < j < n - (20) 

i— 1 2—3 + 1 

For n even there are no choices for = ±1 which satisfy these relations as each of 
these sums has n — 1 summands which is an odd number. □ 

Lemma 3.5.2.2. Ifn is odd then the flag manifold U(n) /T n admits an invariant almost 
complex structure whose first Chern class vanishes. 

Proof. Let us consider an invariant almost complex structure J defined with the roots 
EijCtij, 1 i < j ^ n, where = (— Taking into account that n is an 
odd number, it checks directly that defined in this way satisfy equation (|20| >. and 
therefore the first Chern class for (U (n)/T n , J) is trivial. □ 
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Definition 3.5.2.3. Flag manifolds U (2n+ 1)/T 2n+1 with an invariant almost complex 
SU -structure will be called SU -flag manifolds. 

The similar statement is not true any more for generalized flag manifolds. 

Proposition 3.5.2.4. No generalized flag manifold U{n)/{T k x U(n — k)), 1 < k < 
n — 2 admits an invariant almost complex SU -structure. 

Proof. The complementary roots for U (n) related to T k x U(n — k) are given, up to 
sign, with Xi — Xj, where 1 < i < k, k + l<j<n — k. If J is an invariant almost 
complex structure then its roots must be invariant under the isotropy representation of 
U(n — k) and thus under the action of the Weyl group Wut n -k) ■ Therefore for a fixed 
i, 1 < i < k all the roots for J of the form ±(se< — Xj ) have to be of the same sign. It 
follows that Xi may not vanish in the sum of the roots for J. □ 

Remark 3.5.2.5. The result which in terms of the Koszul form gives the necessary and 
the sufficient condition for a homogeneous complex space G/H to have vanishing the 
first Chern class is obtained recently in ll23l . Being complex a such space according 
to Remark l3.5.1l is of zero Euler characteristic meaning that rk H < rk G what further 
implies that it is cobordant to zero. Appealing to this result, several series of homoge- 
neous spaces whose first Chern class vanishes are provided in [23 1 . For example among 
these are the spaces M — SU(ri)/(SU(rix) x • • • x SU(nk)), where ri\ + . . . + rik = n 
and k is odd. They admit a free action of the torus T fe_1 implying that they are null 
cobordant. 



3.5.3 Cobordism classes of homogeneous S [/-manifolds. 
Using ([Tol l we straightforwardly obtain: 

Proposition 3.5.3.1. If (G/H, J) is a homogeneous SU -manifold of positive Euler 
characteristic then 

n 

S(i,o,...,o,-l,o)(G/H, J) = -S(o,... > o,i)(G/.ff", J) = - w ' 

wGWg/Wh 



t\ ■ ■ ■ t n 



Example 3.5.3.2. It is shown in lfT31 that the roots for the unique invariant almost 
complex structure J on S 6 = G2/SU(3) are ci\ = x±, «2 = %2 and = X3 = 
— (x\ + X2). Note that (5 6 , J) is a S'tZ-manifold, its cobordism class is [S 6 , J] — 
2(af — 3aia,2 + 30,3) and it is computed in lfl5ll . 

Lemma 3.5.3.3. The cobordism class of a 6-dimensional homogeneous SU -manifold 
(G/H, J) is given by 

[G/H,J] = ^l.[S e ,J]. 
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Proof. Let (G/H, J) be a 6-dimensional homogeneous SU -manifold and let ai, a 2 , Q^3 
be the roots for J. The cobordism class [G/H, J] is by (O given as the coefficient in 
the polynomial 

y, „ / IlLlC 1 + a lQ^ + a 2«» t2 + a 3«f< 3 ) \ (21) 

, \ aia2a3 / 

3 

Since ai + a 2 + «3 = it follows that the coefficient in t 3 in the polynomial J\ (1 + 

i=l 

a\Otit + a 2 a-jt 2 + a^a^t 3 ) is 

(al — 3a 1 a 2 + 3a 3 )aia 2 a3. 
It follows then from (l2TT i that 

[G/iT, J] = x(G/H)(al - 3a ia - 2 + 3a 3 ). 

As x(G/H) is an even number together with Example l3.5.3.2l we obtain that the cobor- 
dism class for any 6-dimensional homogeneous S'tZ-manifold (G/H, J) is given with 
[G/H, J] =c- IS 6 , J], where c= 2^Zffi. □ 

Example 3.5.3.4. The flag manifold U (3)/T 3 with the invariant almost complex struc- 
ture J defined as in the proof of Lemma l3.5.2.2l is a homogeneous 5J7-space. The roots 
for J are: x\ — x 2 , —x\ +2:3,2:2 — 2:3. Being a 6-dimensional manifold its cobordism 
class is 

[£/(3)/T 3 ,J] = 3[5 6 , J}. 

Example 3.5.3.5. Let us consider the flag manifold U (n)/T n where n is an odd num- 
ber and assume that it is endowed with the invariant almost complex structure J defined 
in the proof of Lemma D.5.2.21 The roots for J are 

(-lY+i+ifa - Xj ), for H i < j ^ n. (22) 

Using Theorem l3.3.1l we deduce that the cobordism class for (U(n)/T n , J) is given as 
the coefficient at t 2 in the polynomial 

f({-l)i+i-H( Xi - Xj )) 



En n 



where f(x) — 1 + 012; + . . . + a m t m for m — n ( n ~ v > , Corollary 13.3.31 and Proposi- 
tion [333j] imply that 

s il , o ,..., m (U(n)/T n ,J) = s iOt ... M (U(n)/T n ,J) = for n > 3. 
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4 Rigidity of a Hirzebruch genus on homogeneous spaces 



We refer to [19] and [21] as the comprehensive background for the topics related to a 
Hirzebruch genus. 

Let A be a torsion-free ring. Recall the notion of a Hirzebruch genus. Assume we are 
given a power series 

j{u)=u + Y J fkU k+ \ 



where fk £ A <S> Q. The formal series 



n 



fc>i 



/(«<) 



is a symmetric function in variables ui, . . . ,u n what implies that it can be represented 
in the form Cf{a\, . . . , cr n ), where is the fc-th elementary symmetric function in 
variables u\, . . . , u n . The Hirzebruch genus Cf(M 2n ) of a stable complex manifold 
M 2n is defined to be the value of £/(ci, . . . ,c„) on the fundamental class [M 2n ], 
where Cj are the Chem classes of the tangent bundle for M 2n . Any Hirzebruch genus 
defines the ring homomorphism Cf : — > A<E)Q- The vice versa is also true: for any 
ring homomorphism <fi : Vl^j — > A<E)Q there exists series f{u) £ A<E)Q[[u]}, /(0) = 
and /'(0) = 1 such that <j) = Cf. 

A Hirzebruch genus is said to be A-integer if Cf (M) £ A. Among the examples of 
A-integer genera are the signature and the Todd genus. Without loss of generality we 
assume further that A is a Q-algebra. 

For any Hirzerbruch genus Cf : fi^ — > A there is T fc -equivariant extension CJ : 
Qy-T k • ■ • 7 u k\] defined by the composition Cf o $, where Q*jj. Tk denotes 

the cobordism classes of T^-equi variant stable complex manifolds. It follows from (|2) 
that 

Cf (M,c T ) = C f (M)+ C f {G u (M))u u . 

\ui\>0 

The genus Cf is said to be T k -rigid on M if £j (M, c T ) = Cf(M). If the action of 
the torus T k on M has isolated fixed points the formula (0]i implies that the conditions 
for the Hirzebruch genus L f to be T k -rigid can be described in terms of functional 
equations in signs and weights at fixed points of the given action lfl3l . 

Proposition 4.1. For any series f over a Q-algebra A, the genus Cf is T k -rigid on 
M 2n if and only if the functional equation 

- 1 

e si s n ( a; ) n f (u .( X ). U ) = c (23) 

xeFix(M) j = l ^ ' 

is satisfied in . . . , Uk]], far the constant c — Cf(M 2n ). 

The genus Cf is said to be T fc -rigid on a given class of T fc -manifolds M. if it is T fc -rigid 
for any manifold from the class A4. 
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4.1 Rigidity of the Krichever genus 



Recall that the Krichever genus |28 ], also known as the generalized elliptic genus, is a 
Hirzebruch genus defined by the power series 

m = (24) 

B{u, v) 

Here B(u, v) is the Baker- Akhiezer function defined by 

B{u,v) = BK^W!,^) = ^ ~ u) e ^">", 

a{u)a(v) 

where a(u) and £(u) are Weierstrass sigma and zeta functions and u>\, u)2 are half- 
periods for an elliptic curve V such that Im^ > 0. Related to the periods u\ and cj2 
the function a(u) behaves as follows: 

a(u + 2u k ) = -e 2vkiu+ulk) a(u), where r] h = £(u k ), k = l,2. (25) 

In the case when A4 is the class of SU -manifolds with an equivariant circle action, it 
is proved in [28 1 that the Krichever genus is S^-rigid on this class. Note that it implies 
that the Krichever genus is G-rigid on A4 for any compact connected Lie group G. One 
can see it by passing to a generic circle subgroup in the maximal torus for G, see 11281 . 

For the class of homogeneous S'tZ-manifolds of positive Euler characteristic endowed 
with the canonical T^'-action we can prove that the Krichever genus is T fc -rigid just 
using Proposition ^. 1 l and the representation theory of Lie groups. It will imply that the 
Krichever genus is also S^-rigid on these spaces related to the canonical S 1 -action. 

Remark 4.1.1. For the sake of further clearness we want to point that all weights w(a) 
at an arbitrary fixed point w € Wq /Wg for the canonical action of the maximal torus 
T on G/H related to an invariant almost complex structure, are of multiplicity 1. It 
follows from the well known fact that ka may not be the root for G for k ^ ±1, where 
a is an arbitrary root for G. 

Theorem 4.1.2. The Krichever genus is T k -rigid on homogeneous SU -manifolds of 
positive Euler characteristic endowed with the canonical action of the maximal torus. 

Proof. In the case of a homogeneous space with an invariant almost complex structure 
the left hand side of the expression (|23l for the Krichever genus obtains the form 

where a,-, 1 < j < n are the roots for J. For J being a SV-structure we have 
2j=i a j — what implies that Y^j=i w ( a j ■ u) = for any w G W 9 /Wh and the 
expression d26i i becomes 

E-A- a(v — w(a,- • u) 



wew G /w. 



M o-(w(a 3 - • u))a(v) 

H J — 1 
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Choose a maximal system a>i, . . . , Oik of linearly independent roots for J. Then for 

any k + 1 < j < n we have atj = Ei=i ^i a i^ where c{ 6 Z. If denote Zi = a, • u, 
1 < i < fe, the above expression becomes 

tt <r(v ~ -pr c^Q - Eti ^ w ( z »)) (2?) 

we ^ /w J=\ *(wfc)M») ^ -(E^x^))^)' 

Set w(zi) = j/i, where 1 < i < fc, and consider the function 

where Et=i 2/i + E"=fe+i Ei=i = °- This implies that 1 + Ej=fc+i c » = for 
1 < i < k. This function is two-periodic in each of variables y\, , . . , yj. with periods 
equal to 2oji and 2u)2- We prove it here for y\, using (l25l l. We first note the following 



a(4( Vl + 2w,) + 2 cfr,) = -e*»M(EjLx cJw+c^O)^ c^), 

i=2 z=l 

fc fc 

z=2 i=l 

what implies 

°jv - 4(yi + 2uj i) - EL2 ^2/0 = c -2c*mv a ( v ~ EiU Cj^) 
cr(cj(yi + 2w;) + Ef=2 CiJ/i) °"(E*U ^y<) 

In this way we obtain 

<r(l/iM«) 1 = 1 . l fc l 1 ^(Eti <%Vi)<r{v) 

It implies that the function given by d27i i is two-periodic in each variable. 

On the other hand formula (O coming from topology proves that any equivariant Hirze- 
bruch genus has no pole at u = what implies that the function given with d27l > 
has no zero poles, i. e. at w(zj) = 0, 1 < j < n. By Remark 14.1.1 1 the poles for this 
function are all of multiplicity 1 and, therefore, they are all at the lattice 2swi + 2mw2, 
i. e. at the points w(zj) = 2sui + 2mcJ2, 1 < j < n, m, s E Z. Being periodic in 
each variable with the periods 2u]% and 2u>2 we conclude that the function ( f27T > has no 
poles. 

By the Liouville theorem [ 38 1 we obtain that the function d27l i has to be a constant, what 
together with Proposition ^. 1 I proves that the Krichever genus is T fc -rigid onG/H. □ 
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4.2 Proof based on the representation theory 



The fact that the function ( |26*| > has no poles for a SfZ-structure can be proved directly 
using representation theory. For that purpose we first prove the results which ensure 
that the zero poles of the function (|26| > cancel in pairs for an arbitrary invariant almost 
complex structure. More precisely, for any fixed point and for any weight at that fixed 
point we prove the existence of an another fixed point containing this weight with an 
opposite sign such that the poles of the function (|28l l at the given weight at these two 
fixed points cancel. For the background on the root theory of Lie algebras we refer 

to ED. 

Proposition 4.2.1. // there exist at least two canonical coordinates of the group G 
which are not canonical coordinates of the semisimple part of the subgroup H then 
there exists complementary root a for G related to H such that for an arbitrary invari- 
ant almost complex structure J on G/H the fixed points of the canonical action of the 
maximal torus can be divided into the pairs (w, w) such that — w(a) is the weight at 
w and the weights at w and w differ only by signs and the number of opposite signs is 
odd. Moreover apart from w(a) all the other weights at w that have the opposite signs 
at w can be divided into the pairs whose sum is multiple ofw(a). 

Proof. Without loss of generality we may assume that G is a simple compact Lie group, 
as any compact connected Lie group can be decomposed into a locally direct product of 
connected simple normal subgroups ll35l . Let x\ and X2 be the canonical coordinates 
for G which are not the coordinates for the semisimple part of H. For an arbitrary 
fixed point w we consider the fixed point w which we obtain by transposition of x\ and 
x-2- Note that such transposition belongs to Wq/Wh for any G and H. On the other 
hand a = x\ — X2 will always be complementary root for G related to H and thus, 
±(w(xi) — w(x2)) will be the weight for J at w, what implies that ±(w(x2) — w(xi)) 
will be the weight for J at w. The other weights for J at w either do not contain w(xi), 
w(x2) and on them this permutation does not reflect, either are of the form ±w(x;) ± 
w(xk), ±(2)w(x;), w(x/) +w(xk) + w(xj) ±w(x), w(x/) + w(xfe) + w(xj) + w(xj), 
±(w(xj) +w(xj) +w(xi)), i(±xi ±X2±a;3±X4) depending of the type of the group 
G, where I = 1,2. We see then that under the action of the transposition of w(xi) 
and w(x2) some of the remaining weights do not change while the other ones can be 
divided into the pairs (of the same type, each of them containing w(xi) either w(x2)) 
such that at each pair we have that each weight maps to the other or each weight maps 
to the opposite of the other. Therefore the weights at w and w differ by odd number of 
signs. It will also imply that the sum of two weights that change the signs and belong 
to the same pair will be multiply of the weight ±(w(x2) — w(xi)). □ 

Under the assumption of Proposition l4.2.1l we deduce further the following. 

Corollary 4.2.2. If J is an invariant almost complex SU -structure then the number of 
opposite signs at each pair of fixed points is at least three. 

Proof. Since the sum of weights at each fixed point is zero, we may not have two fixed 
points at which the weights differ only in one sign. □ 
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Remark 4.2.3. By examining the Dynkin diagrams of the simple compact Lie groups 
we see that if the group H is the centralizer of the torus T k such that k > 3, or 
H = T 2 x H , the assumption of Proposition |4.2.1| will always be satisfied. 

We are able to prove the general statement: 

Proposition 4.2.4. If a is a complementary root for G related to H then for an arbi- 
trary invariant almost complex structure J on G/H the fixed points of the canonical 
action of the maximal torus can be divided into the pairs (w, w) such that — w(a) is 
the weight at w and each weight at w is either, up to sign, the weight at w either it is 
the sum of some weights at w and the multiple of the weight w(a). Moreover apart 
from w(a) all other weights at w that have the opposite signs at w can be divided into 
the pairs whose sum is multiple of a. 

Proof. Again we assume that G is a simple Lie group. We have that ±a is the root 
for J. Consider the element t of the Weyl group Wq given by the reflection related to 
the root a. As a is a complementary root this reflection belongs to Wg /Wh- For the 
simplicity take w = e and let e be the fixed point which corresponds to the reflection 
t. The reflection t maps the roots for J into the weights at e. We provide here the 
proof for a = xi — X2, where x\ and X2 are canonical coordinates on G since it is the 
common root for all simple Lie groups. For the other possibilities for a the proof goes 
analogously. Here the reflection related to x\ — X2 is transposition t that interchanges 
x\ and X2- We differentiate the following cases. If the root ctj does not contain none of 
X\ and X2, or it contains both of them with the same sign then t(ctj) — ctj. It for some 
ctj we have that t(otj) = ±afj, where i ^ j, then we also have £(a<) = ±Qtj. If ctj does 
not belong to the previous cases it implies that Oj contains x\ or X2 or both of them 
with different signs and t(ctj) is the root for H. Therefore we have for ctj the following 
possibilities: ±xi ± Xi, ±(2)x;, xi + Xi + Xj ± x, xi + xi + Xj + Xk, i(xi + Xj + Xk), 
i(±(xi — X2) ± ± X4) depending of the type of the group G, where I = 1,2. We 
see that in all these cases <x, — tictj) is the multiple of the root ±{x\ — a^)- Arguing 
as in the proof of Proposition l4.2.1l we prove the second statement. □ 

Theorem 4.2.5. If f is the power series which defines the Krichever genus, then for 
any homogeneous space G/H the function 



has no zero poles, where ctj are the roots of an arbitrary invariant almost complex 
structure on G/H. 

Proof. The function d29| > may have zero poles at the points w(zj) = 0, where z,- t are the 
roots for the fixed invariant almost complex structure J and w e Wq /Wh- Let us fix 
some root Z\ for J. We first consider the case when z\ comes from Proposition l4.2.1l 
Consider the weight w(zi) at the fixed point w. According to Proposition 14.2. 1 I there 
exists fixed point w such that —w(zi) is the weight at w, the weights at w and w may 
differ only in signs and the number of opposite signs is odd. Choose an arbitrary linear 



n 



1 




(29) 
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basis w(zi), . . . , w(z k ) for the weights at w which contains w(zi). Put yi = w(z^), 
1 < i < k, and consider the function 

q{yi,---,Vk) =p(yi,...,yk) + p(eiyi,e 2 y 2 ,....,e k y k ) = (30) 

(C(v)-») E(i+ jt 4vi) (CW-aO E (ei+ _E ei^Ki) 

p(yi,---:Vk)e '- 1 ] - k+1 +p(eiyi, . . . , e k y k )e 

Here = ±1 denote the signs of yi at the fixed point w, then ei = — 1 and Jl"=2 e * = 
1, and the function p(yi, . . . , y k ) is given with ([28}, where ?/j t = y k , k + 1 < j < 

i=l 

n. 

According to Proposition l4.2.1l we can divide the indexes I, 2 < I < n, with respect to 
the weights at w into three groups as follows: 

I = {l\ (wow _1 )(i/() = yi}, II = {{l,s} | (wow _1 )(y,) = y s , (wow _1 )(y s ) = yi}, 

III = {{Z, s} | (wo w- x )(yO = -y s , (w o w" 1 )^) = -yi}. (31) 

It also follows from Proposition ^. 2. 1 I that if the pair of weights change the sign or in 
the other words if {/, s} 6 III then yi + y s = ki s yi, where ki s E Z. It implies that 
the sum of weights at the fixed point w and the sum of weights at the fixed point w are 
given with 

p(V2,---yk) +V1+ ^2 k is y 1 and p(y 2 ,...y n )-y 1 - ^ klsVl > 
{i,s}eiii {i.s}ein 

where p(y 2l ■ ■ ■ y n ) — n Vl- K further gives that the function ( |30l > can be written 

as 

(C(-u)-M)(p(y2,..-,j/fc)+2/i+ E kisVi) 

q{vu • • • ,Vk) =p(yi,---,yk)e v.^em + 

(C(v)-/j,)(p(y2,—,yk)-yi- E feiai/i) 
p(exyi,...,e k yk)e v.^em 

We want to prove that q(yi , . . . , yk) has no pole y\ — 0. Consider the function 

yi q( yi , . . . , y k )\ y ^ = ^\ Vl =oe^ v) -^- yk H P (y 2 , V k)~p{e 2 y 2 e k y k )). 

In order to prove that yi = is not a pole we will prove that the function p(y 2 , . . . ,y k )— 
p(e22/2, ■ • ■ , £fc2/fe) is the zero function. Using (13 It . we can write further this function 

as 

-pr <j(v - yi) yr o{v - yi)<r(v - y s ) _ <j(v + yi)a(v + y s ) 
ii^ a{v)a{ i) ^ 11 ^ (a(v)ya( yi )a(ys) (*(«))Mi«Ml/.) >' 

Since for {l,s} g 7J7 we have that yi + y s is multiple of y\, it follows that y s = —yi 
when putting yi = 0. Therefore we conclude that 

<r(v ~ yi)e{v ~ y s ) _ a(v + yi)a(v + y s ) _ Q 
(cr(v)) 2 a(yi)a(y s ) (cr(v)) 2 (7(yi)a(y s ) 
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what implies that (l32t is the zero function. 

If zi does not satisfy Proposition |4.2.1| then for the fixed point w and the weight y x = 
w(zx) we can choose the fixed point w as in Proposition |4.2.4| Then, excluding yi, we 
can again divide the weights at w into four groups 

1 = {I | (wow _1 )(yi) = yi}, II = {{l,s} | (wow _1 )(y ; ) = y s , (wow~ 1 )(y s ) = yi}, 

III = {{I, s} | (wo w^ 1 )(yi) = -y s , (w o w^ 1 )(y s ) = ~yi}, 

IV = {I |(w o w~ l )(yi) = yi + dm, d l e Z}. 

Now the sum of weights at the fixed point w and the sum of weights at the fixed point 
w are given by 

p(y 2 ,---yk)+yi+ ^2 hsVi and p(y 2 , . . . y n )+ diy x -j/i- hsVl, 
{i,s}ei~n lefv {i,s}eiii 

where p(y 2 , ■ ■ ■ y n ) = Yliei fi fv Vl- Repeating the procedure from the previous case 
we end up with the analogous of function (l32l given by 



-pr a(v - yj) yc a(v - yi)a(v - y s ) -pr a(v - yi) 

}k *(«M0 11 {o(v)Ya( yi )o{ys) 11 <r(v)a(jfi) 
lei, 1 1 {i,s}ein leiv 

tt y(v - yi) tt v(v + yi)v(v + y s ) v tt q-(^ -yi- dm) 

11 O"(u)ct(0 11 (cr(w)) 2 cr(2//)cr(y ;! ) 11 cr(u)(7(^ + djj/i) ' 
lEl, II {l,s}ElII lElV 

After putting y\ = we deduce as above that this function has to be the zero function. 

□ 

Theorem 4.2.6. If f is the power series which defines the Krichever genus, then for 
any homogeneous space G / H the function 

n 

£ RfWjTW)' (33) 

has no poles, where ctj are the roots of an arbitrary invariant almost complex SU- 
structure on G/H. 

Proof. We can proceed as in the proof of Theorem 14.1.21 and prove that the func- 
tion d33l l is periodic for a 5J7-structure what together with Theorem 14.2.51 gives that 
it has no poles. We provide here the direct proof not appealing to the periodicity but 
following the proof of Theorem |4.2.5l The function ((33) may have poles at the points 
w(zi) — 2slui + 2mu 2 . where are the roots for the fixed invariant almost complex 
S'tZ-structure J and w 6 Wq/Wh- Recall that by Remark 14.1.1 1 multiplicity of each 
pole is 1. We prove here that the function (l33~t does not have a pole at w(z) = 2u)\. 
The general case goes analogously. Fix the weight w(z\) and consider first consider 
the case when it comes from Proposition 14.2.11 Since J is a SU -structure it follows 
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that Yn=i w ( z i) — f° r an y w G /Wh what implies that the function d30b is 
given by 

q(yi,---,Vk) =p(yi,...,y k ) +p(exy 1 ,...,e k y k ). 

We want to prove that this function has no pole at yi = 2i>j\ and therefore we consider 
the function 

1 — 

and prove that its non-fractal part equals zero. Now we have that 

a(2ui )p {2u) U y 2 ,...,yk = M , : ttt II ; ; „ 2 ; w f ■ 

^ ;e/ // CT ^) CT ^) {i,s}ein 

(34) 

Since for {/, s} G 7J7 we have that yi + y s = 2ki s u>i when y% — 2wi, it further implies 
that (l34l is equal to 



11 rrfuWm 11 



<t(«W(/) 11 (a(v)) 2 (a(yi))* 



In the same way we obtain that <j(2u)i)p(— 2oj\, £2^2, ■ • ■ > e&J/fc) is equal to 

2 " i(1+ {l .fL» fc,,) " n ^ ~ n < v + vi)< v -vi) 

6 11 £r(«)<r(0 11 {(r(v)) 2 MyiW ' 

/e/,// w v ' {i,s}ein 

The assumption on the structure J to be a SCT-structure implies that 1+X){z s}eiu = 
0, what proves that y\ = 2u)\ is not the pole. In the case when w(zi) does not come 
from Proposition l4.2. 1 I we apply Proposition l4.2.4l and follow the same pattern. □ 

Example 4.2.7. Theorem l4.1.2l is not true without assumption on invariant almost com- 
plex structure to be a ^[/-structure. In order to see that, let us consider U (3)/T 3 with 
the canonical complex structure and the canonical action of the torus T 2 . This action 
has six fixed points with the weights w(ai), w(«2), w(«3), where ai = (1, — 1,0), 0:2 
' 1 . 0, —1), «3 = (0, 1, —1) and w G S3. Denote w(a, ; ■ u) = w(ttj), for 1 < i < 3. 
Then the expression ( |23T l becomes 

Bjwjux), v)B(w(u 2 ),v)B(w(u 3 ), v) 

L-^i g/j(w(Si)+w(fi 2 )+w(fi 3 )) ' 

being for U\ — U3 — v equal to 

a(2v)a(3v)e^-^ 4v 
{cj{v)Y 

while for ui = U2 = v + 2u>k it is equal to 

ip(v) ■ e ( 2 %(- 6 «+ 3w fe)- 6w fc(^-C(«)))_ 
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Therefore, it follows that (l35"t can not be a constant what implies that the Krichever 
genus is not T 2 -rigid for the canonical complex structure on U(3) /T 3 . Note that at the 
same time U(3)/T 3 admits an invariant almost complex StZ-structure for which the 
Krichever genus will be T 2 -rigid. 

Example 4.2.8. We demonstrate in the case of CP 2 how the zero poles in the function 
from Theorem |4.2.5| cancel. We take the fixed point 123. The zero pole at 123 given 
by the weight x\ — x-2 is canceled with the zero pole given by the weight X2 — x\ at 
213. The zero pole at 123 given by x\ — x-}, may not be canceled using the point 213 as 
it is not the weight at this point. It is canceled with the zero pole given by the weight 
X3 — xi at 321. Now the zero pole at 213 given by x-i — x^ is canceled with the zero 
pole at 321 given by £3 — x\. 

Example 4.2.9. Theorem |4.2.6| is not true without assumption on the structure J to be 
a S'tZ-structure. We show it by proving that the pole for CP 2 in the function ( l33l at 
the point x\ — X2 = 2cji does not cancel. It is the pole at the fixed points 123 and 213. 
Therefore we put Z\ = x% — X2, Z2 = x\ — X3 and consider the function in Z2 given 
with 

JC(v)-M2u 1+ z 2 ) °i v - ^iW(v ~ z 2 ) (c(v)- t ,)(-4u Jl +z 2 ) <r(« + 2^i)g(i;-z 2 + 2a;i) 
<j(z2)(v(vW {a{v)Ya{z 2 ~2^ 1 ) ' 

which transforms to the function 

a(v - Z 2 ) c ((C(v)-M2ui+z 2 )+2m(-v+ui)) + e ((C(v)-^(-4u 11 +z 2 )+2 m (2v+cu 1 ))x 

a{v)a(z 2 ) 

not always being identically equal to zero. 

Remark 4.2.10. Let S 1 C T k be a regular subgroup of the maximal torus T k of a 
homogeneous space G/H equipped with an invariant almost complex structure J. Re- 
call HI that regularity of S 1 means that T k is the unique maximal torus in G that 
contains S 1 . We can consider 5 1 -action on G/H induced from the canonical action 
of T k . The weights for this action and each fixed point w € Wg /Wh are given by its 
rotation numbers Pi(w), see proof of Theorem |5. 1 I below. If J is a S'tZ-structure it will 
follow that Pi( w ) = for any w £ Wg/Wh- It means that any such S 1 action will 
be of the zero type as it is defined in |28 1. 

Remark 4.2.11. It is proved in [28 1 that the Krichever genus vanishes on S'CZ-spaces 
with the given S^-actions whose type is not zero. We illustrate here that the assumption 
on the type is essential. For / given by d24l >, it follows from Example l3.5.3.2l that 

C Tk (S* 6 J) — + Ul ^ a ( v + U2 ) a ( v — u i — u 2) — &{v — ui)a{v ~ u 2 )cr(v + Ui + u 2 ) 
* ' a{ui)a{u2)a{ui + u 2 ) 

which checks directly not to be equal to zero. Therefore Theorem 14.2.51 gives that 
C f (S 6 ,J)=cf (S e ,J)^0. 
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4.3 Rigidity of the elliptic genus of level iV 



We define the elliptic genus of level N following |28|. On an elliptic curve T fix the 
points v mn of order N: 

2s 2m 

Vsm = JjOJl + -Jjr W2, S, TCI = 0, 1, . . . , N - 1, 

and for rji = C( u i)> i = 1,2, put 

2s 2m . 

/w = -jrVi - -j^m + C{v sm ). 

Definition 4.3.1. The elliptic genus of level N is a Hirzebruch genus defined by the 

series 

exp(ji sm u) 

fsm(u) = — -. (36) 

B(u,v sm ) 

Remark 4.3.2. As it is pointed in [28 1 function f sm generates the elliptic genus of level 
TV defined in ||20l . 

It is proved in [20 1 that the elliptic genus of level N is S 1 -rigid on S^-equivariant 
(stable) complex manifold whose first Chern class is divisible by TV. 

Theorem 4.3.3. The elliptic genus of level N is T -rigid on homogeneous spaces of 
positive Euler characteristic endowed with the canonical action of the maximal torus 
T k and with an invariant almost complex structure whose sum of roots is divisible by 
N. 

Proof. Let J be an invariant almost complex structure on G/H with roots ay, 1 < j < 

n 

n. Then c%(G/H, J) = ^ ay. We want to apply Proposition l4.ll thus put Zj — ctj ■ u 
and analogously to the proof of Theorem |4. 1 ,2| consider the function 

e (f(f»m)-Msm)w(ci(G/ff,J)) TT a ( V sm - w ( z j)) TT tr("sm " J2i=l ^{ Z i)) 



We put yi = w(zi), 1 < i < k and prove that the function 

p{y x , ...,y k ) = e«^-»»»W H >Mvi, •••>»*) 
is two-periodic in each variable, where 

, \ I f ojVsm ~ Vi) TT Cr{v sm " SLl 4Vi) 

p(yi,---,Vk) =11 , w r — -e t-^t; r- 

If we fix yi we obtain as in the proof of Theorem 14. 1 .21 that p(yi + 2ui, . . . , y k ) 
e -2»7i(i+E" = fc + i t & Vsm p(y 1} . . . , y k ), what gives that 

p( yi + 2wi, ...,y k )= e 4c " m ^-^p( yi , . . . , y k ), 



(37) 
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where c n = -^(1 + ^2 cj) is an integer number as the first Chern class here is 

j=k+l 

divisible by N. Since r) 2 = ^Vi ~ we have that r\iU)x — r\\Wi = — ^ what 
implies that p is periodic with the period 2u>i. In the same way we prove that it is 
periodic with the period 2o;2, what implies that the function d37l i is two-periodic. Since 
no equivariant Hirzebruch genus has zero pole, we have that the function (|37| | has no 
zero poles as well. By Remark 14.1.1 1 all the poles for function (f37T > are of multpilicity 
1. Therefore it only may have the other poles at the points of the lattice 2slu\ + 2mw2 
for s, m £ Z, what is impossible because of its periodicity. Thus, by the Liouville 
theorem, the function (l37T i has to be a constant. □ 

Remark 4.3.4. In this context one can consider the problem to describe all invariant 
almost complex structures on a homogeneous space G/H whose first Chern class is 
divisible by some N > 1. This can be also looked at as the problem of representation 
theory as any invariant almost complex structure is determined by its roots. The nec- 
essary condition for the existence of a such structure is the existence of the T fe -rigid 
elliptic genus of level N on G/H, what is on the other hand topological problem. 

Example 4.3.5. It is proved in ll25l that generalized flag manifolds F n = U(n + 
2)/(U(l) x [7(1) x U(n)) has two invariant almost complex structures J\ and Ji for 
which the first Chern class is divisible by n — 1 and n + 1 respectively . Therefore the 
elliptic genus of level n — 1 will be T n+2 -rigid on (F n , J%) and the elliptic genus of 
level n + 1 is T"+ 2 -rigid on (F n , J 2 ). 

4.4 A Hirzebruch genus of an odd series 

We prove here that the Hirzebruch genus Cf defined by an odd power series / is T k - 
rigid and equal to zero on a large class of homogeneous spaces, being a stronger result 
than T fc -rigidity. Using Proposition 14. 1 1 we first note that genus Cf is T 2 -rigid and 
trivial on the sphere S 6 . 

Example 4.4.1. Consider the canonical action of the torus T 2 on S 6 endowed with 
SU (3)-invariant almost complex structure. It follows from Example l3.5.3.2l that for an 
odd series / the left hand side of the functional equation d23l is equal to zero, what 
gives that the genus Cf is T 2 -rigid on S 6 . 

In the case of the flag manifolds the following consequence of Proposition 14. 2. 1 1 will 
be crucial. 

Proposition 4.4.2. Let J be an invariant almost complex structure on the flag manifold 
U (n)/T n . The fixed points for the canonical action of the maximal torus on U{n) /T n 
can be divided into the pairs such that at each pair the weights for this action related 
to the structure J differ in odd number of signs. 

Proof. For the sake of clearness we provide the proof. Let J be an invariant almost 
complex structure on U(n)/T n . Its roots are Cy-ay, where ay = Xi — Xj, 1 < i < 
j < n and ey = ±1. The set of fixed points is given by the symmetric group S n . 
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Therefore at the fixed point w = i\ . . . i n 6 S n the weights ujj(w) for the action of T n 
related to J are obtained by the action of the permutation w on the roots for J: 

^12 -^12)5 • ■ • 3 •Ein ) : ^23 (^22 ^3) ■ ' ' ) ^2n (^2 ^in )) • • * 3 ^n— In 1 

Thus, the weights at the fixed point w = 12*113 . . . i n are given with: 

^12 {x% 2 ^ix )) • ■ • 3 ^ln {x% 2 ^in ) 3 ^23 v^ii ^i3 ); • ■ • ^2n(Xi 1 );•■•; ^n— In {^i n - 1 

It follows that the weights at fixed points w and w differ in the sign for — Xi 2 , while 
) and e 2 k (xi 2 - x lk ) change the sign equally. It implies that the number 
of weights with the opposite signs is odd. □ 

Theorem 4.4.3. The genus C / is T n -rigid and equal to zero on flag manifolds U(n) /T n 
endowed with an arbitrary invariant almost complex structure for any odd series f. 

Proof. Proposition 14.4.21 implies that, for an odd function / and for each pair (w, w) 
of the fixed points, we have 

m ^ m 

n /K ( W ). U )+n /(W3 . ( w). M ) =o - 

Since J is an almost complex structure, all fixed points have sign +1, what gives that 
the rigidity equation ( 1231 is satisfied for c = 0. □ 

Recall the following well known facts. 

Remark AAA. The classical result of Hirzebruch [19] states that the signature of a 2n- 
dimensional manifold which is defined to be the signature of the intersection form of 
its cohomology algebra for even n, while it is equal to zero for odd n, coincides with 
the L-genus of a manifold. This is further defined by an odd series f(u) ~ tanh(u). 
Note that being invariant of an oriented cobordism class, the signature does not depend 
on the chosen stable complex structure on manifold, up to the orientation the chosen 
structure induces. Another important example is the A-genus which is defined by an 
odd series f(u) — 2sinh(|). 

Remark 4.4.5. The elliptic genus, first appeared in [34 1, is a Hirzebruch genus defined 
by the requirement that it vanishes on the manifolds of the form CP(£), where £ is an 
even-dimensional complex vector bundle over a closed oriented base. It is completely 
characterized by the condition that its logarithm g(x) is given by an integral g(x) = 
f Q v / 1 _ 2 at2+ £ t<t • ^ 01 ^ ~ ^ an< ^ ^ 2 ^ 6 ^ me mverse function f(u) = g^ 1 (x) is an 
odd elliptic function. For 5 = e = the degenerate elliptic genus gives the signature, 
while for 8 — ^ and e = it gives A-genus. 

Then Example 14 . 4 . 1 1 and Proposition |4.4.3| implies: 

Example 4.4.6. Both thw A-genus as well as the elliptic genus are trivial on S 6 en- 
dowed with the T 2 -invariant almost complex structure. 
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Corollary 4.4.7. The signature, the A-genus and the elliptic genus of the flag manifold 
U(n) /T n endowed with an arbitrary invariant almost complex structure are equal to 
zero. 

Remark 4.4.8. Note that in the same time the cobordism class of the flag manifold 
U (n)/T n is non-trivial for an arbitrary invariant almost complex structure. 

Remark 4.4.9. It follows from Theorem 14.4.3 1 and Proposition 13 .5 . 2 . fl that flag mani- 
folds U(n)/T n for even n, provide examples of manifolds for which any Hirzebruch 
genus C f defined by an odd series is T n -rigid and equal to zero related to any invariant 
almost complex structure. Note that none of these structures is a SU -structure. 

Example 4.4.10. The fact that / is an odd power series is essential. Namely, take 
f(u) = j^js and M = [/(3)/T 3 . The direct computation gives that 

\p tt 1 _ 2 (ui - u 2 ) 3 - (ui - u 3 ) 3 + (u 2 - u 3 ) 3 

~i ~ f(Uj(w) ■ u) (Ul - U 2 ){U1 - U 3 )(U2 - u 3 ) 

WG03J— 1 

what is not identically equal to a constant. 

In the same way as for the flag manifolds we prove: 

Theorem 4.4.11. Assume that G/H satisfies the assumptions of Proposition \4.2. 71 
Then for an odd series f the genus C f is T -rigid and equal to zero on G/H endowed 
with an arbitrary invariant almost complex structure. 

We extend this result to some fc-symmetric spaces: 

Proposition 4.4.12. For an odd m any Hirzebruch genus C / defined by an odd series f 
is T km -rigid and equal to zero on the k-symmetric space V (km) / U(m) x ■■• x U(m) 

k 

endowed with an arbitrary invariant almost complex structure. 

Proof. The roots for an invariant almost complex structure J are, following the proof 
of Proposition 13 . 5 . 1 . 3l given by CijRij, 1 < i < j < k. The fixed point set for the 
canonical T fcm -action is Sk m /(S m ) k , where S n denotes the symmetric group. We 
divide the fixed points into the pairs in the following way. To the fixed point given by 
the permutation w = i x . . . i m i m +i ■ ■ ■ i{k-\)mi{k-i)m+i ■ ■ ■ hm we assign the fixed 
point given by the permutation w = i(fc_i) m+ i . • . ifemWi • • • »(i-i)n,«i • • • hn- The 
weights at the fixed points w and w differ only by signs and those with opposite signs 
are £ifci?w(i)w(fc) and, some of ey i2w(i) w (j), 2 < j < k- 1 and e jk R w ^) w ( k) , 2 < j < 
k — 1. Note that the roots from £ij-R w (i)w(j) an d e jkRw(j)w(k) change signs equally. It 
follows from Proposition 13. 5.1.31 that the weights at the fixed points w and w differ in 
m 2 + 2lm 2 signs for < I < k — 2. Since m is odd it implies that 

n ^ n 1 

n/(^(w). U ) + n /K . w . w) =°' 



where n — fc ( fc 1 ) T " _ Thus the equation d23l is satisfied. □ 
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Example 4.4.13. The statement on rigidity in Proposition 14.4. 12l is not valid for even 
m. To verify that consider the Grassmannian G 4:2 . It has two invariant almost complex 
structures, J and its conjugate. The roots for J are x% — X3, x\ — X4, X2 — X3, X2 — X4, 
the action of T 4 on G 4y2 has 6 fixed points given by the quotient S4/S2 x 5*2- For an 
odd series given with f(u) — jq^r we have that expression d23l in the case of G4 2 is 
given by 

2 ( (1 + (Ul - ^ 3 ) 2 )(1 + (Ul - Utf){\ + (Ug - U 3 f)(l + (u 2 - u A f) | 
(Ui - U 3 )(U! - U 4 )(u 2 ~ U 3 )(u 2 - U4) 

(1 + (ui - U 2 ) 2 ){1 + (ui - u 4 ) 2 )(l + (u 2 - u 3 ) 2 )(l + (Ug - M4 ) 2 ) 

(ttl — tta)(ttl — «4)(ti3 — ti2)(«3 — «4) 

(1 + (Ui - M2 ) 2 )(l + (ui - U 3 ) 2 )(l + (Ug - »4) 2 )(1 + («3 - ^4) 2 ) } 
(til - U 2 )(U1 - U3)(W2 - U 4 )(W 3 - U±) 

This can not be a constant since the direct computation shows that for u\ = 3, u 2 — 
2, U3 = 1, U4 = it takes the value 80 while for iti = 4, u 2 = 2, u 3 = 1, u 4 = it 
takes the value 140. 

The relations between the weights and the signs for two different stable complex struc- 
tures, equivariant for the same torus action, are described in lfl5l . As a consequence 
we are able to establish the relation between the corresponding values of an equivariant 
Hirzebruch genus given by an odd power series. 

Theorem 4.4.14. Assume that manifold M with the given action 8 of the torus T k 
admits 6-equivariant stable complex structures c T and c T . Then 

Cf mM,6,c T )) = Lf mM,6,c' T )), (38) 
for any odd power series f. 

Proof. Assume that the weights for the action 9 related to the structure c T at the point 
x G Fix(M) are given by the integer vector A 2 (x), 1 < i < n, dimAf = 2n. It 
follows from [15| that the weights and the signs for 9 at x € Fix(M) related to c T 

n 

are A 4 (x) = a(x)Ai(x) and sign(x) = e • TJ e i{ x ) 1 sign(x) where e,a(x) = ±1 

i=l 

and sign(x) is the sign at x related to c T . Therefore, since / is an odd power series we 
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obtain from Theorem 12. 1 . 1 1 that: 

n n - 

cf mm, e,c T )) = e. J£ n • si ^) II t^a^o 



n n 1 

6 £ IT e * (*) • si § n ( x ) IT e * (*) 77T7TYT 



/(Ai(a:)-u) 



n n 



e IN*) • si s n (^) IT e « (^) II fTAT^ra = 

xeFix(M)i=l i=l 1=1 J V H ; ; 

" 1 

e £ sign(x)]7 . ( , , =£f($(M,6>,c r )). 

ar£.Fia:(A0 i=l J V * V ' ; 



□ 



Corollary 4.4.15. The Hirzebruch genus Cf given by an odd power series f is T k - 
rigid on (M, 6 1 c T ) if and only if it is T k -rigid on (M, 9, c T '), where c T and c T are 9 
-equivariant stable complex structures. 

Corollary 4.4.16. Any Hirzebruch genus C / defined by an odd series f is 

• T n -rigid and equal to zero on U(n)/T n endowed with an arbitrary T n -equivariant 
stable complex structure. 

• T km -rigid and equal to zero on U (km) / (U (m)) k endowed with an arbitrary 
T km -equivariant stable complex structure for odd m. 

Corollary 4.4.17. The elliptic genus and the A-genus are equal to zero on; 

• U(n) /T n related to an arbitrary T" -equivariant stable complex structure. 

• U(km) I (U(m)) k related to an arbitrary T km -equivariant stable complex struc- 
ture for odd m. 

5 The Hirzebruch \y - genus of homogeneous spaces 

The Hirzebruch \y - genus is defined EH by the series 

u(l + ye- u(1+ yy) 



fy( u ) 



1 - e _u C 1 +J / ) 



It is well known that the \ y - genus for y = gives the Todd genus, while for y = 1 it 
gives the signature. 

In this Section we deduce the formula for the \y - genus of a homogeneous space G/H 
of positive Euler characteristic endowed with an arbitrary stable complex structure c T 



36 



equivariant under the canonical action of the maximal torus assuming that G/H admits 
an invariant almost complex structure J. 

Let ai, . . . oc n be the roots that define an invariant almost complex structure J. The 
weights at the fixed point w for the canonical action of the maximal torus T related 
to c T are given with ei(w)w(ai), . . . , e n (w)w(a„), where £j(w) = ±1 for 1 < i < n, 

n 

while the signs are given with sign(w) = e • Yl e i( w )> where e = ±1 depending on 

i=i 

whether or not J and c T define the same orientation on r(M 2 ™). 

Let x\, . . . , Xk be the canonical coordinates on the Lie algebra t for T k that correspond 
to the group G and let /i be an arbitrary ordering on these coordinates. Denote by 
ind l _ l (w) the number of negative roots among ei(w)w(ai), . . . , e n (w)w(a n ) related to 
the ordering p. Following terminology of lfl2l we call this number the index of the 
fixed point w related to the stable complex structure c T and the ordering p. 

Appealing to the results from [2] and the Lie theory we deduce the formula for the 
Hirzebruch \y - genus of homogeneous spaces under consideration. 

Theorem 5.1. Let G / H be a compact homogeneous space of positive Euler character- 
istic endowed with the stable complex structure c T that is equivariant under the canon- 
ical action of the maximal torus T k . Then the Hirzebruch Xy - genus for (G/H, c T ) is 
given by the following formula: 

n 

Xv (G/H,c T ) = e- ]T (-y) md ^l[e t (w). (39) 

wew G /w H »'=i 

Proof. We first recall that the Atiyah-Hirzebruch formula [2] states that the Hirzebruch 
Xy - genus of a stable complex manifold M 2n with an action of S 1 can be computed 

as 

Xy{M 2n )=Y J {-V) n{Fi) Xy{Fi), 

i 

where the sum goes over all S^-fixed submanifolds Fi C M 2n , and n(Fi) denotes the 

number of negative weights of the representation for S 1 in the normal bundle for Fi in 

M 2n 

Let S 1 be a regular one-parameter subgroup in T k . It is known, see for example 11221 . 
that the fixed point set for the canonical action of S 1 on G/H coincide with the fixed 
point set for the canonical action of T k . Therefore all fixed points for the given in- 
action are isolated and given by the elements from Wg /Wh- Therefore the fixed points 
w G Wg /Wh correspond in our case to the manifolds F{ from Atiyah-Hirzebruch 
formula. It implies that Xy(Fi) = Xy( w ) — sign(w). 

We have further that T W (G/H) = fl^ l(w)w(Ql) © . . -®C(w)w(a„)' where w G W G /W B 
The inclusion 5* 1 C T k is given by the vector v G Z fe and the induced representation 
of 5* 1 in T W (G/H) is given by the rotation in each root subspace w ( Qi ) with rotation 
numbers equal to pi(w) = (ej(w)w(aj), v), 1 < i < n. Note that, since we assume S 1 
to be regular, the numbers pi (w) are non zero for w G Wg /Wh and 1 ^ i ^ n. There- 
fore the number n(w) of negative weights of the representation for S 1 in T W (G/H) is 
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equal to the number of negative rotation numbers Pi(w), 1 ^ i ^ n. In this way the 
Atiyah-Hirzebmch formula gives that 

Xy (G/H,c T )= ]T (-y)" (w) sign(w). 

v/€W G /W H 

Taking into account the expression for the sign(w) we can write this formula as 

n 

Xy (G/H,c T ) = e- Yl H^ (w) rN w )- < 4 °) 

v/ew G /w H i=l 

Choose an arbitrary Weyl chamber B on the Lie algebra t for T k . It is a non empty 
subset of t defined with B = {v E t| (e a a,v) > for a € £ and e a = ±1}, 
where £ denotes the root system for G related to T k . The positive roots of the group G 
related to this Weyl chamber uniquely define an ordering fj, on the canonical coordinates 
X\ , . . . , Xk on t The vice versa is obviously also trough: each ordering (i on xi , . . . , x% 
uniquely define the Weyl chamber and the corresponding system of positive roots. 

Let us consider one parameter subgroup S 1 <zT k given by the vector v e B such that 
v 0. This subgroup is regular as (e a a, v) > for any a € S and some e a = ±1. 
It also implies that the number n(w) of negative weights Pi(w), 1 ^ i ^ n of the 
representation for S* 1 in T W (G/H) will be in this case equal to the number of negative 
roots among ei(w)w(ai), . . . , e n (w)w(a n ) related to the Weyl chamber B. In other 
words it is the number of negative roots between ei(w)w(ai), . . . , e„(w)w(a„) related 
to the ordering fi defined by the Weyl chamber B. We denote this number further by 
ind M (w) . Using d40b we obtain the desired formula for the Hirzebruch \y - genus for 
(G/H.C-): 

n 

Xy (G/H,c T ) = e- (-y) md, ' W rN w )- < 41 > 

■wGWg/Wh i=1 

□ 

Remark 5.2. Theorem 15 . 1 1 proves that the Hirzebruch \ y - genus of a homogeneous 
space of consideration can be described only in terms of the representation theory of 
Lie groups. We want to note that the motivation for our theorem comes from [ 37 1 where 
it is proved that the Hirzebruch \ y - genus of a quasitoric manifold can be expressed 
in terms of combinatorial data [ 12 1 of a manifold. More precisely, in ll37ll it is obtained 
the formula which computes the Hirzebruch \y - genus of a quasitoric manifold in 
terms of signs and indexes of the vertices for the simple polytope, which corresponds 
to the orbit space of the torus action on a manifold. 

We can rewrite the expression for x(G/H, c T ) in the following way. Denote by s 2 (w) 
the sign for w(c^), 1 ^ i ^ n regarding to the ordering /i. Then the sign for the root 
€i(w)w(ai) is €i(w)si(w). It gives that 

1 " 

ind^w = - 2^(1 - e l (w)s l (w)), 
what implies the following statement. 
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Proposition 5.3. The Hirzebruch \y - genus for (G/H, c T ) is given by 

s-^ iE(l-<.(w)s,(w)) ™ 

Xy {G/H,c T ) = e- Y, 4=1 'Il^H- ( 42 ) 

Using this expression for the Hirzebruch \y - genus we obtain that the Todd genus can 
be described as follows. 

Corollary 5.4. The Todd genus for (G/H, c T ) is given by 

n 

Td{G/H,c r ) = e- Yl Il^H- < 43 > 

w£W G /W H i—1 
ei(w)—Si(w),l<-i<n 

if the set {w g Wg/Wh) e»(w) = Si(w) for all 1 < i < n} is nonempty. If this set is 
empty then 

Td{G/H,c T ) = 0. 

Proof. The Hirzebruch \y - genus for y = gives the Todd genus. Therefore the 
formula (|39l implies that 

n 

Td(G/H,c T )=e- Y Il^H- < 44 > 

w— 

Note that we take into account that an indeterminacy 0° in (f39l > is resolved by setting 
0° = 1. The description for ind^w implies that it is equal to zero if and only if 

1 — ej(w)si(w) = for 1 < i < n, 

what is equivalent to 

£i(w) = Sj(w) for 1 < i < n. 
This proves the statement. □ 

The Hirzebruch Xy - genus for y = 1 gives the signature or the L-genus for G/H. 
Then formula (l42l gives the following expression for the signature for G/H. 



Corollary 5.5. 



S ign(G/H) = e- Y (-l) ind " (w) • II e *( w )< < 45 > 

v/£Wg/Wh i=1 



where p,(w) = \ J2i=i( l ~ ei(w)sj(w)). 



Remark 5.6. Formula (1451 1 can be also deduced from the general formula for the signa- 
ture of a homogeneous space of positive Euler characteristic which is obtained in l22ll .lt 
can be done applying the same argument as in the second part of the proof of Theo- 
rem |5T| 
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5.1 The case of an invariant almost complex structure. 

For an invariant almost complex structure J we have that e = 1 and e; (w) = 1 for all 
1 < i < n. Therefore (l42l implies 

Corollary 5.1.1. 

Xy (G/H,J)= ]T (-^m^i-^w)). (46) 

Using (|45l ) we obtain the formula for the signature for G/H. 
Corollary 5.1.2. 

sign{G/H) = ^ (_i)^(w) ) 
w/zere md^(w) = § X)" =1 (l - Sj(w)). 

Example 5.1.3. It follows from Proposition l4.4.2l that for flag manifolds U(n)/T n the 
fixed points for the canonical action of T n can be divided into the pairs (w, w) such 
that for an arbitrary invariant almost complex structure ind M (w) = ind M (w) ± 21 ± 1, 
for I > 0. Together with Corollary 15 . 1 .2l this provides one more proof that the signature 
of the flag manifolds vanishes. 

Example 5.1.4. Consider the Grassmann manifold G^2- Take the ordering x i > X2 > 
X3 > X4 on the canonical coordinates for the Lie algebra of the maximal torus T 4 . The 
roots for the invariant complex structure are: x\ — x$, x\ — X4, x-i — X3, X2 — X4 and the 
weights at the fixed point are given by the action of S4/1S2X S2 on these roots. It implies 
that the indexes of fixeds point are: ind(1234) = 0, md(3214) = 2, md(4213) = 
3,md(1324) = l,md(1432) = 2,md(3412) = 4. Then Corollary ISTOI implies that 
sign(Gi_2) = 2. In the same way we obtain that sign(Ge.2 y 2) — 6. Recall that the 
signature of Grassmannians G n ,k is explicitly computed in J39), while in ll22l and BDl . 
among the other examples, the signature of compact symmetric spaces is computed . 

For the Todd genus for (G/H, J) we deduce from d46b that it is equal to the number of 
those fixed points w for which all roots w(cti), 1 ^ i ^ n are positive: 

Td(G/H, J) = ||{w € Wg/Wh I Si(w) = 1 for all 1 < i < k}\\. (47) 

We can elaborate this further. We use the following criterion for integrability of an 
invariant almost complex structure on G/H proved in (4). 

Proposition 5.1.5. Let 9 be a system of positive roots for H. The roots of an invariant 
complex structure form a closed system ip such that 9 U ip is a positive system of roots 
for G. Conversely, a closed set tp of complementary roots such that 9 U ip is the set 
of positive roots of G for a suitable ordering, is the system of roots of an invariant 
complex structure of G/H. 
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Let J be an integrable invariant almost complex structure on G/H and 9 an arbitrary 
system of positive roots for H . One can choose an ordering p on the canonical coordi- 
nates for t related to G, such that the roots from 8 and the roots ai, . . . ,a n that define 
J give the system of positive roots for G related to the ordering p. We will show that 
the identity element e is the only fixed point w £ Wg/Wh for which all the weights 
w(oj), 1 ^ i ^ n are positive related to the ordering p. 

Lemma 5.1.6. Let p be an ordering on the canonical coordinates for t related to G 
such that 9 Dtp is a system of positive roots for G, where 9 is a system of positive roots 
for H and if) is some system of complementary roots for G related to H. Then for any 
w £ Wg /Wh such that w ^ e the system w(ip) is not positive related to the ordering 
It- 
Proof Let us assume that w(ip) is a positive root system related to the ordering [i for 
some w £ Wg/Wh, or in other word related to the Weyl chamber B defined by p. It 
is well known [ 1 1 that the Weyl group Wg permutes the systems of positive roots for G 
what implies that, for any w £ Wg, the system w(9 U t/j) is positive related to the Weyl 
chamber w(P), but it may not be positive related to the chamber B. It follows that the 
system w(9) is positive related to the Weyl chamber w(B), but it is not positive related 
to the Weyl chamber B. The positive root system 9 for H related to B, in the new 
canonical coordinates given by the action of w, we obtain by the action of an element 
u £ Wh on w(9), i. e. 9 — u(w(9)). Note that, as ijj is the system of complementary 
roots, it is invariant under the action of Wh, what implies that w(ijj) will be invariant 
under the action of Wh given in the new canonical coordinates determined by the 
action of w. Therefore we obtain that the root system \i(w(ip U 9)) = w(ip) U 9 for G 
is positive related to B. It implies that it coincides with ip U 6, what means that u o w 
belongs to Wh, i. e. w € Wh- Therefore we obtain that w = e in Wg /Wh- □ 

Using Proposition 15.1.51 and Lemma l5.1.6l we deduce from (|47| | explicit values for the 
Todd genus of an invariant almost complex structure on G/H . 

Corollary 5.1.7. Let J be an invariant almost complex structure on G/H. 

• If J is integrable then 

Td(G/H, J) = 1. 

• If J is not integrable then 

Td{G/H,J) = 0. 

Example 5.1.8. We provide computation of the Hirzebruch \y genus and the Todd 
genus for CP 3 endowed with equivariant stable complex structures c T . Because of 
dimension reasons the signature of CP 3 is trivial. The roots of the standard complex 
structure are ol\ = x\ — 2:4,0:2 = X% — £4,0:3 = £3 — X4, where Xi,X2,Xa,X4, 
are the canonical coordinates for 11(4). By the result of |[T5l we have on CP 3 , up 
to conjugation, eight equivariant stable complex structures whose weights at the fixed 
points are £i(w)w(oi), where w £ Z3 and the coefficients ej(w) satisfy the relations 
ei(0) = ei(3) = ei(2), e 2 (0) = e 2 (l) = e 2 (3), e 3 (0) = e 8 (l) = e 3 (2) and ei(l) = 
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£2(2) = £3(3), so they are determined by £i(0), £2(0), £3(0) and £i(l). Let us fix an 
ordering \i given by x\ > x-i > x 3 > 24. 

• For £i(0) = £2(0) = £3(0) = £1 we obtain the standard complex structure J. 
Using Corollary |46] we obtain that 

Xy {<CP\J) = l-y + y 2 -y\ 
and therefore Td(CP 3 , J) = 1. 

• Let c T be determined by the values £i(0) = £2(0) = £3(0) = 1 and £i(l) = — 1. 
We have in this case that e = — 1 and Theorem 15 . 1 1 gives that 

Xy (CP\c T ) =y 2 -y, 

what further implies that Td(CP 3 , c T ) = 0. The same result we obtain for the 
stable complex structures determined by the values £i(0) = £2(0) = £i(l) = 1 
and e 3 (0) = -1, by the values e x (0) = e 3 (0) = £i(l) = 1 and e 2 (0) = -1, and 
by the values e 2 (0) = e 3 (0) = £i(l) = 1 and e x (0) = -1. 

• For the stable complex structure c T determined by £i(0) = £2(0) = 1 and 
£3(0) = £i(l) = — 1 we obtain that 

X,(CP 3 ,c T )=0. 

The same Hirzebruch \y - genus correspond to the stable complex structures 
determined by the values £i(0) = £3(0) = 1 and £2(0) = £i(l) = —1, and by 
the values ei(0) = £i(l) = land £2(0) = £3(0) = —1. Proceeding as in |[T5l we 
can show that [(CP 3 , c T )] = for every stable complex structure of this case. 

6 Compatible almost complex homogeneous fibrations 

Let G be a compact connected Lie group and H and K its closed connected subgroup 
such that K C H and rk G = rk H = rk K. We look at the homogeneous fibration 

H/K — ► G/K — ► G/H . 

Assume that we are given invariant almost complex structures J\ and J2 on H/K 
and G/H respectively. This means that Ji is invariant under the canonical action 
of H on H/K and J2 is invariant under the canonical action of G on G/H. Let 
ai, . . . , cti be the roots for the structure on T e (H/K) and aj+i, . . . a„ be the roots 
for the structure J 2 on T e {G/H). Here dim H/K = 21, dimG/H = 2(n - I) and 
dimG/K = 2n. Then a>i, . . . ,a n will be complementary roots for G related to K. 
We define the complex structure J on T e (G/K) ^ T e {H/K) © T e {G/H) to be J x 
on T e (H/K) and J2 on T e (G/H). The structure J is invariant under the isotropy 
representation for K at T e (G/K) and therefore it defines an invariant almost complex 
structure on G/K. 
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Remark 6.1. The integrability criterion for an invariant almost complex structure on a 
homogeneous space given in [4| implies that the structure J is integrable if and only if 
Ji and J 2 are integrable. 

Remark 6.2. Related to the fibration we consider, it is useful to note the following facts. 

1. The common maximal torus T k for K, H and G acts canonically on homo- 
geneous spaces G/K and G/H and regarding to this action the projection ir : 
G/K — > G/H is an invariant map. 

2. The structure J induces the almost complex structure on the tangent bundle along 
the fibers th/k{G/K). To see this we note that th/k{G / K) can be obtained 
by the action of the Lie group G on T e (H/K). As the structure J on T e (G/K) 
induces the structure Ji on T e (H/K) it implies that the structure J on t(G/H) 
induces the almost complex structure on t h / k (G / K) given by the action of the 
group G on J\ . 

3. Consider an invariant connection C on this fibration whose horizontal subbundle 
T~L is obtained by the action of the group G on the subspace T e (G/H) of the 
space T e (G/ K). Then J induces on H an invariant almost complex structure 
J-n which can be obtained by the action of the group G on the complex structure 
J 2 mT e (G / H). The real isomorphism dir : H —> t(G/H) is an almost complex 
map related to the structures J-^ and J 2 , meaning that dir o J H = J 2 o dn. 

4. It follows from (2) and (3) that dir : t(G/K) -> t(G/H) is also an almost 
complex map related to the structures J and J2 as well. 

The universal toric genus for (G/K, J) is given by 



- 1 

§{G/K,J)= Y, II r ( M \ 
^ a = a [w{ai\{u) 



w<£W G /W K 

Note that any w e Wq/Wk can be uniquely written as w = wi o w 2 where wi € 
Wq/Wh and w 2 € Wh/Wk- It implies that 

n 1 

${G/h,j)= y V TT . , ... . . 

wi&Wg/Wb YraeWH /Wk *=1 

Since the structure J x is invariant under the isotropy representation for H it implies 
that the system of roots {«;+!, . . . , a n } which define Ji is invariant under the action 
of Wh /Wr. It further implies 

"l 1 1 

${G/H,J)= Y J[ ■ Y II [wi(w a (ai ))](«)' 

In this way we have proved the following statement. 
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Theorem 6.3. Let G be a compact, connected Lie group and K C H its closed con- 
nected subgroups such that rk G — rkH — rkK. Assume we are given on H/K an 
invariant complex structure J\ and on G/H an invariant complex structure J \ defined 
by the roots , . . . , a n , where dim H/K = 21 and dim G/K = 2n. The structures 
J\ and J2 define on the total space G/K of the fibration H/K — > G/K — > G/H 
the invariant almost complex structure J whose universal toric genus is given by 

n 

*{G/K,J)= £ n^'^W-^)). (48) 

Remark 6.4. Theorem 16 . 3 I proves that universal toric genus of (G/K, J) is the twisted 
product of the universal toric genera of the base (G/H, Ji) and the fiber (H/K, J2), 
where the twist is done by the elements from Wq /Wh- 

We say that the universal toric genus of the fibration (H/K, Ji) — > (G/K, J) — > 
(G/H, J2) is multiplicative if 

®(G/K, J) = $(H/K, Jx) • t>(G/H, J 2 ) 

in U* (BT k ). Note that the action of the torus T k on G/K and G/H we obtain as the 
restriction of the action of the group G which also commutes with the structures J and 
J2. Therefore, by Lemma l2.2.3l we see that <fr(G/K, J), <fr(G/H, J2) are invariant un- 
der the action of the Weyl group Wq in U*(BT k ) = f2y [[ui, . . . , Uk]]- The invariance 
of &(H/K, Ji) under the action of Wq gives by Theorem 16. 3 1 the sufficient condition 
for the universal toric genus of a homogeneous fibration to be multiplicative. 

Corollary 6.5. If the universal toric genus of the fiber (H/K, J\) is invariant under 
the action of the Weyl group Wq in U*(BT k ) then the universal toric genus of the 
fibration (H/K, J\) — > (G/K, J) — > (G/H, J2) is multiplicative. 

If apply the Chern-Dold character to the formula (|48) we obtain: 
Corollary 6.6. 

ch v (G/K,J)= ]T J] /(Wl / a '/^ )) ■w 1 (ch u (H/K,J 2 )), (49) 

w 1 GW G /W H 1=1 + 1 v K " 

where x = (x±, . . . , x^). 

We elaborate further the formula (|49l related to the multiplicativity question. It can be 
written as 

chu*(G/K,J)= fl /(Wl / a ; ( ^ )) -M[(H/K, J 1 )]+ch u (H/K, 

t-~< wi(ai(x)) 

w^Wg/Wh i=l + l v v " 

where {ch v <$>(H/K, Ji))"' +1 = chu<S>(H/K, Ji) - [(H/K, Ji)]. As W G /W H acts 

on the coordinates x\, . . . , Xk it follows that [(H/K, Ji)] is invariant under this action 
and therefore 

chu$(G/K, J) - chu(G/H, J 2 ) • [(H/K, Ji)]+ 
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+ E ft ^fff -MchuHH/K,^). 

< Wl Qj I 

wi£W G /W H i=k+l v v " 

In particular it follows that 

[(G/K, J)} = [(H/K, J,)} ■ [(G/H, J 2 )] + 

+( £ ndfi".^/...))-), 

wi £Wg/Wh i=l+l v v /y 

where the subscript n denotes that we have chosen the coefficient in t n in the corre- 
sponding polynomial in t according to ©■ 

We will say that the complex cobordism class for this fibration is decomposable if 
[(G/K, J)} = [(H/K, Jr)] ■ [(G/H, J 2 )]. 

We immediately obtain: 

Corollary 6.7. If the complex cobordism class for the homogeneous fibration (H/K, J\ ) 
(G/K, J) — > (G/H, J 2 ) is decomposable then 

( e n^'^Mm^)) =0. (so) 

wi6W g /Wh + ! 

This further gives: 

Corollary 6.8. //f/ze coefficient in t in the formula (O/or ch[j&(H/K, Ji) is equal 
to zero for I + 1 < k < n, then the complex cobordism class is decomposable 
for any homogeneous fibration (H/K,3\) — > (G/K, J) — > (G/H, J 2 ) such that 
diraG/K = 2n. 

Remark 6.9. Note that in Corollary 16.81 we obtain n — 1 equations in x\, . . . x^ and 
Oi, • • • a n . If we consider these equations as being in variables a 1: . . . ,a n then they 
give the constraints on the almost complex homogeneous space (H/K, J x ). If we con- 
sider these equations as the equations in variables x\, . . . ,xt they produce the system 
of relations R in Z[ai, . . . , a n ] such that the decomposability of the complex cobor- 
dism class of our fibration is satisfied in the quotient Z[ai, . . . a n }/ (R). 

Example 6.10. Take G = SU(A) and H = S(U(1) x [7(1) x [7(2)) and look at the 
fibration 

CP 1 ->■ SU(4)/T 3 ->■ SU(4)/S(U(l) x [7(1) x U(2)). 

The torus T 3 acts on these fibrations. Let as consider on SU(A)/ S(U(1) x [7(1) x 
[7(2)) an invariant almost complex structure Ji defined by the roots a± = x\ — 
%3,c*2 = %2 — %3, &3 — x& — X\,a.i — X4 — X2,a§ ~ X3 — X4 and the canoni- 
cal complex structure J 2 on CP 1 by the root x\ — x 2 . The structures J\ and J 2 define 
the invariant almost complex structure on SU(A)/T 3 which is not integrable, as Ji is 
not integrable. Formula @ gives that 

*(5iwz*j)= e w (^ cpl ' j2 )-nuky)- 

w€ff s „ (4 ,/H' s „ (2) i=l 1 * JV ; 
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Example 6.11. Consider now fibration 

SU{3)/T 2 -> G 2 /T 2 -> S 6 = G 2 /SU{3). 

The torus T 2 acts on this fibration canonically. Consider, unique up to conjugation, 
invariant almost complex structure Ji on 5 6 = G2/ SU(3). Its roots are x\, x 2 and £3. 
Let further J2 be the canonical complex structure on SU (3)/T 2 . The structures 3\ and 
J2 define an invariant almost complex structure on G2/T 2 . Then formula Q implies 
that 



$(G 2 /TV)= ^ w($(SC/(3)/T 2 , J 2 



1 1 1 



[(l,0,0)](u) [(0,l,0)](u) [(0,0,l)](u) 
(51) 

Note that W / g 2 /W / S(7(3) consists of two element: wi which is identity and w 2 which 
acts as IV2 = —Xi, 1 ^ i ^ 3. The universal toric genus for SU (3) /T 2 is 



<W3|/I ' Jll °g [w(l.-i.0)](u 



1 1 



w . .,.-) [w(l,0,-l)](u) [w(0,l,-l)](u)' 

Wfc 03 



It checks directly from this expression thatw 2 ^(S , C/(3)/T 2 , J 2 )J = <P(SU(3)/T 2 , J 2 ). 
Using this we obtain from ( Bit that 

$(G 2 /T 2 , J) = $(S[/(3)/P 2 , J 2 ) • $(5 6 , Ji). (52) 

Formula (|52l is valid for an arbitrary invariant almost complex structure on SU (3)/T 2 
since its roots, up to signs, coincide with those for J2. 

Specially we can take an almost complex structure J2 on SU(3) /T 2 to be defined with 
the roots x\ — x%, X3 — x\ and x 2 — X3. We obtain that (S 6 , Ji), (SU(3)/T 2 , J 2 ) and 
(G2/T 2 , J) are all 5L/-manifolds, where the structure J is defined using J% and Ji- 

Example 6.12. The fibration U(3)/T 3 -> [/(4)/T 4 -> CP 3 can be obtained as the 
associated T 4 -bundle over CP 3 with the fiber {7(3) /T 3 . Namely, if take E to be the 
principal T 4 -bundle over CP 3 and the canonical action of T 4 on (U{1) x C/(3))/T 4 , 
it is a classical result that the associated bundle E x Ti U (3)/T 3 will give us the con- 
sidered fibration. Assume that the space U (4)/T 4 is endowed with an invariant almost 
complex structure coming from the invariant almost complex structures on the base 
and the fiber. Then the universal toric genus for this fibration is not multiplicative. This 
follows from Example 13. 3. 41 where it is proved that the cobordism class for [/(4)/T 4 
is not decomposable in f2^. 

Remark 6.13. It is known 1 6 ] that the elliptic genus (p is multiplicative for the associated 
G-bundles E Xg F over the closed oriented base B with the G-fiber F whose first 
Chern class vanishes. Therefore if in Example I6.12l we take on U (4) /T 4 the invariant 
almost complex structure obtained from the invariant almost complex S'tZ-structure 
Ji on U(3)/T 3 and the unique, up to conjugation, invariant almost complex structure 
J 2 on CP 3 , we have that the elliptic genus will be multiplicative for such fibration, 
i. e. <fi{U{A)/T\ J) = ^(t/(3)/T 3 , J x ) ■ ^(CP 3 , J 2 ). 
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6.1 Invariant almost complex structures on homogeneous libra 
tions. 



We now summarize the different cases describing the existence of an invariant almost 
complex structure on homogeneous fibrations H/K — > G/K —> G/H. 

1. If G/H and H/K admit invariant almost complex structures then, as it is described 
in the previous section, they define the invariant almost complex structure on G/K. 

2. If G/K admits an invariant almost complex structure then it naturally induces the 
invariant almost complex structure on the fiber H/ K, but in general case the base G/H 
does not admit any even stable complex structure. It can be seen from the homogeneous 
fibration: 

CP 1 x Sp(n- 1)/T n ~ l — ■» Sp(n)/T n Sp{n)/Sp{l) x Sp(n- 1) = HP"- 1 . 

Being totally reducible Sp(n)/T n admits 2" 2 invariant almost complex structures, 
while HP™- 1 does not admit any almost complex structure. 

Remark 6.1.1. As we already remarked the fact that HP" does not admit any almost 
complex structure was proved in [18] for n ^ 2, 3, while in QUI it is proved that for 
n > 1 it does not admit any stable complex structure making use of the ring K (X) of a 
complex vector bundles over a space X. The fact that HP" does not admit any Sp(n)- 
invariant almost complex structure can be proved using toric genus. We illustrate it for 
n = 2. 

The canonical action of P" +1 on HP" has n+1 fixed points. The complementary roots 
for Sp(n + 1) related to Sp(l) x Sp(n) are x\ + x 2 , . ■ ■ , x\ + x n +i,xi — x 2 , ■ ■ ■ , x\ — 
x n+ \. The action of the group W Sp ( n +i) /W Sp (i) xW Sp („) is given by the permutation 
between x\ and X2, ■ ■ ■ , x n +\. If HP" would admit an invariant almost complex struc- 
ture its roots would be given by a i = £2(^1+3:2), • • • , o> n = e„ + i(a;i+x„ + i),Q; n+ i = 
(5 2 (xi - x 2 ), . . .,a 2n = 5 n+ i{xi - x n+ i), where e,,^ = ±1. 

In this case by [ 15] the coefficient in t l , < I < An — 1 in the series 

2n 

1] (1 + axtsff{a j ) + a 2 t 2 {w{ aj )) 2 + . . .) 

E 



In 

w£Wsp(„ + i)/W S p(i)XW Sp („) Y\ w(aj) 

has to vanish. 

For the coefficient in t this implies that 

n+1 n+1 
n+1 (E +Sj))Xi+ E {Cj - 5j)Xj + (6i - S^X! 

—I =0 - 

n (af-^) 

For n = 2 we obtain that polynomial 

(-ei + e 2 + <5i - S 2 )xl - (e 2 + 2£i + 5 2 )(x 2 1 x 2 + x x xl) + (a +S X + 25 2 )(x 1 x 2 2 + xfx 3 ) 
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+ (e 2 - Si)(xl - x\) - (ei + e 2 + 2<5 2 )a:i a; 3 + (2e 2 + 5i + <5 2 )x 2 x§ 
has to vanish for x\ 7^ ±x 2 , ±X3 and x 2 ^ ±Xs. 

It implies that e 2 = <5i what would further give ei = 5e 2 . This is impossible since 
ei,£2 = ±1. 

Remark 6.1.2. We want to point that, the property of a fibration F — > E — » B that E 1 
admits a stable complex structure while £? does not admit any stable complex structure 
as the above one has, geometrically means that there is no connection on this fibration 
such that the stable complex structure on the total space induces the stable complex 
structure on the horizontal subbundle. 

3. Not every invariant almost complex structure on the G/K can be obtained from 
invariant almost complex structures of the base and the fiber, even in the case when the 
base G/H admits an invariant almost complex structure. In order to verify this one can 
consider the fibration 

CP 1 -> U(3)/T 3 -> CP 2 . 

The base and the fiber, being totally irreducible, admit 2 invariant almost complex 
structures, meaning that 4 invariant almost complex structures on U(3) /T 3 come from 
the structures on the fiber and base in the given fibration. Since on U (3)/T 3 there are 
2 3 = 8 invariant almost complex structures, it follows that four of them do not come 
from the structures of the fibration. 

Asking the question what are the conditions for a invariant almost complex structure of 
G/K to be obtained from invariant almost complex structures on G/H and H/K we 
deduce the following. 

Proposition 6.1.3. Let J be an invariant almost complex structure on G/K defined 
by the roots a>i, . . . , a n such that . . . , a n are the complementary roots for G 
related to H. The structure J comes from invariant almost complex structures on the 
fiber and base of the fibration H/K — > G/K — > G/H if and only if the root system 
ai+i, . . . ,a n is invariant under the action of the Weyl group Wh- 

Proof. The root system . . . , a n defines the complex structure J on T e (G/H). 
This structure will define an invariant almost complex structure on G/H if and only 
if it is invariant under the isotropy representation for H at T e (G/H). This is further 
equivalent to the request that its root system is invariant under the action of the Weyl 
group Wh- □ 

Regarding the universal toric genus Proposition 16 . 1 . 3 I dire ctlv implies. 

Corollary 6.1.4. Let J be an invariant almost complex structure on G/K defined by 
the roots a\, . . . , a n such that 011+1, . . . ,a n are the complementary roots for G related 
to H. Let Ji be the induced invariant almost complex structure on the fiber of the 
fibration H/K — > G/K — > G/H. If the root system a;+i, . . . ,a n is invariant under 
the action of the Weyl group Wh then for the universal toric genus of (G/K, J) twisted 
product formula holds. 
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We characterize now almost complex homogeneous fibrations whose universal toric 
genus is multiplicative. 

Proposition 6.1.5. Let H be a subgroup of G such that rkiJ = rkG. The root sys- 
tem for H is invariant under the action of the Weyl group Wq if and only if H is a 
semisimple Lie group. 

Proof. For the background on the Lie theory we use see ll36l . If H is a semisimple 
Lied group, the root system for H can be obtained by removing one root from the 
extended root system for G. The direct checking gives that any such root system will 
be invariant under the action of Wq. To prove the opposite direction assume that H is 
not semisimple. Then the Lie algebra 77 for H decomposes as -q — £(rf) © r\ where 
the dimension of the center £(77) is positive and the root system for r\ is that of 77 . 
The Cartan algebra t for 77 is strictly contained in the Cartan algebra t for g, what 
implies that there exists at least one canonical coordinate on t related to g which does 
not appear in the root system for rj . Since for any two canonical coordinates for g there 
always exists an element in the Weyl group Wq which interchanges them, it implies 
that the root system for H is not invariant under the action of Wq. □ 

Corollary 16. 5l together with Proposition ^. 1. 5 l implies: 

Corollary 6.1.6. If H is a semisimple Lie group such that K < H < G and rkK = 

rk H = rk G then the universal toric genus of the almost complex homogeneous fib ra- 
tion (H/K, J\) — ¥ (G/K, J) (G/H, J2) is multiplicative. 

The pairs (G, H) where H is a semisimple subgroup of G of equal rank are classi- 
fied for the simple Lie groups G. in terms of the corresponding Lie algebras such 
classification can be, for example, found in [35|. We list such pairs for the classical 
simple Lie algebras and for the exceptional Lie algebras G2 and F4. They are given 
with: (B h D k 8 B^), l>2,2<k<l, (C u C k ® C,_ fc ), I > 3, 1 < k < [£], 
(D h D k ®D^ k ),l > 4, 2 < k < [if], (F±,A 1 ®C 3 ), (F 4l A 2 ($A 2 ), (F 4 ,B 4 ), 
(G 2 ,A 2 ), (G 2 ,A 1 ®A 1 ). 

6.2 On rigidity and multiplicativity of a Hirzebruch genus. 

We analyse now the relation between mulptiplicativity of a Hirzebruch genus for an 
almost complex homogeneous fibration and its equivariant rigidity on the fiber. It is 
clear that if the universal toric genus is multiplicative for some fibration, then any 
Hirzebruch genus will be multiplicative for that fibration. In the case of homogeneous 
fibrations we prove: 

Proposition 6.2.1. Let us given an almost complex homogeneous fibration H/K — > 
G/K — > G / H. Assume that the Hirzebruch genus Cj is T k -rigid on H/K. Then it 
will be multiplicative for this fibration. Moreover 

1. if Cf vanishes on H/K then £j will vanish on <&(G/K); 
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2. if Cf does not vanish on H/K then C / will be T k -rigid on G/K if and only if it 
is T k -rigid on G/H. 

Proof. Since C / is T k -rigid on H/K it follows from TheoremEOlthat Cj" (®(G/K)) = 
C f (H/K) ■ Cj"(<f>(G/H)) what implies that C f (G/K) = C f (H/K) ■ C f (G/H). 

Also if C f (H/K) = it follows that Cj" ($(G/A)) = and, thus, Cf is I* -rigid on 
G/K and vanishes on it. 

If C f is I* -rigid on G/H it follows Cf{${G/K)) = C f (H/K) ■ C f {G/H) = 
C f (G/K). lfC f is T fc -rigidon G/K then C f (G/K) = C f (H/K) ■ cf (<5>(G/H)), 
what implies that cf {<5>{G/H)) = C f {G/H). □ 

Together with Theorem l4.4.3l we deduce the following. 

Corollary 6.2.2. Any Hirzebruch genus C t given by an odd series f will be multi- 
plicative for the almost complex homogeneous fibrations with a fiber being the flag 
manifold. Moreover, it will vanish on the total space of a flbration. 

This is another way, compare to Theorem 14.4.111 to obtain a large class of homoge- 
neous spaces for which any Hirzebruch genus given by an odd series vanishes. 

Example 6.2.3. For any Hirzebruch genus C / given by an odd power series / and 
M = U(k + m + . . . + ni)/{T k x U(m) x • ■ ■ x U(n{j), k > 2, we obtain that M 
is T fe+ni+ -™ ! -rigid and Cf(M) = 0. In particular the elliptic genus and the A-genus 
are trivial on M. This follows from Corollarv l6.2.2l if look at the flbration U(k)/T k —> 
U(k + n 1 + ... + n l )/(T k x U{n x ) x •• • x U(n t )) -> U(k + rii + . . . + m)/(U(k) x 
U(rii) x • • • U(ni)), where k > 2. 

Recall that the Hirzebruch genus Cf is said to be multiplicative with respect to the 
stable complex closed manifold M if Cf(M Xq E) = Cf(M) ■ Cf(G), where G is a 
compact Lie group whose action on M preserves the stable complex structure and E 
is the principal G-bundle over an arbitrary closed stable complex base B. It is proved 
in |[T3l that a genus multiplicative with the respect to the stable complex T fc -manifold 
M is T fc -rigid on M as well, while a T k - rigid genus on M will be also multiplicative 
for such Lie groups groups for which tty(BG) has no torsion. 

Remark 6.2.4. Note that it is a classical result that the signature is multiplicative for 
an arbitrary flbration for which the base, fiber and the total space are coherently ori- 
ented compact connected manifolds and the fundamental group of the base acts triv- 
ially on the real cohomology of the fiber ifTBI . lETl . It follows that the signature 
will be a T fe -rigid genus for an arbitrary stable complex T fc -manifold. We want to 
point that, using recurrently multiplicativity of the signature related to the flbration 
U(n - 1)/T"- 1 -> U(n)/T" CP™ -1 , it can be also deduced that the signature of 
flag manifolds U(n)/T n vanishes. 

In the case of associate homogeneous fibrations using Proposition 16.2.11 we obtain 
slightly different result. 
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Corollary 6.2.5. Assume that the genus C / is T k -rigid on a homogeneous space H / K 
of positive Euler characteristic endowed with an invariant almost complex structure. 
Let G be a compact Lie group such that H < G, rkH = rkG and G/H admits an 
invariant almost complex structure. Then the genus C / will be multiplicative for the 
fibration H/K — > H/K E — > G/H, where E is the principal K -bundle over 
G/H. 

7 Compatible tangentially stable complex T^-fibrations 

We want to generalize the notion of an almost complex homogeneous T k -fibration to 
an arbitrary fibration related to its property that for its universal toric genus the twisted 
product formula holds. Consider the smooth fibration F — E — ^* X where the base 
X and the total space E are endowed with tangentially stable complex restructures 
{c t (e),0e) and {c T ^ X ),0 x )- We set the following notions. 

1. The map it is said to be T k -invariant if it commutes with the given T fc -actions 
on E and X. 

2. The map dir : t(E) — > t(X) is said to be stable complex related to the stable 
complex structures c T r E ) and c T i X ) if tne composition 

£i C ^k t(E) ffi M 2fc d ^4 2 ' t(X) e R 2Z c ^ 6 (53) 

is a complex transformation, where k > I and In denotes the restriction from 
M. 2k to M 21 on its first 21 coordinates. Here £i and £2 are the complex vector 
bundles over E and X which define c t (e) and c T /x) respectively. 

Definition 7.1. We say that the structures (c t ie\,6e) and (c T rx), Ox) are compatible 
with the fibration F — ^ E X if the following conditions are satisfied: 

1. 7T is a T fe -invariant map. 

2. The stable complex structure c r (s) induces the stable complex structure c Tf (e) 
on the tangent bundle along the fibers tf{E). 

3. There exists a connection C on this bundle such that c T r E ) induces the stable 
complex structure c% on the horizontal bundle W related to C and the real iso- 
morphism dw :% — > t{X) is a stable complex isomorphism related to the stable 
complex structures c-h and c T (x)- 

4. The stable complex structure c t (e) splits into the sum of the stable complex 
structures c TF ( E ) and c n , i. e. c r{E ) = c Tf{E ) ® c n . 

It follows that the existence of compatible structures implies the decomposition t(E) © 
M 2fe = (tf (E) © R 2 (^ fc ') © (^ffiM 2 ') such that on each summandc T(£) induces the 
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stable complex structure and the map dir : r{E) — > t(X) is going to be stable complex 
as well. The vice versa is also true in the sense that if the map dir : t(E) — > t{X) 
is stable complex we can omit the second condition in Definition 17. 11 as the following 
Lemma shows. 

Lemma 7.2. Assume we are given a smooth fibration F — 1 —> E — X where the 
base X and the total space E are endowed with tangentially stable complex structures 
c t [e) an d c t(X) such that the map dix : t{E) — > t{X) is stable complex related to 
these structures. Then the stable complex structure c t [e) induces the stable complex 
structure c TF ^ E ) on the tangent bundle along the fibers Tp(E). 

Proof. By the assumption we have that the composition 

fl c zk t(e) © R 2fc d7 ^ 21 t(x) © R 2 ' 6 (54) 

is a complex transformation. It means that (dir(Bl2i)(c~^ E joJioc T ^E)) = ( c r(x)°^ 2 ° 
c r(x))(^ 7r © I21), where J\ and J2 are complex structures on £1 and £2 respectively. 
Therefore for V £ Kerd7r © M 2 ^ - ') we have {c~} E s o Ji o c r ( E ))V £ Ker(d7r © 
hi) = Ker dir © R 2 ( fc - Z ) . It implies that & = c~L, (Kcr dir © R 2 ( fc -') ) is the complex 
subbundle of £1 giving the stable complex structure on Ker dir. □ 

Example 7.3. It follows from Remark 1631 that any almost complex homogeneous T k - 
fibration is an example of compatible stable complex T fc -fibration, where the projection 
is a stable complex map. 

The condition for the projection tt to be a T fc -invariant map has an important conse- 
quence. 

Lemma 7.4. If a fibration is endowed with the compatible tangentially stable complex 
T k - structures, the action 9e induces T k -actions 9f x on the fibers F x over the fixed 
points x € X for 9x, such that (F x , c T ^(£;), 9p x ) ore stable complex T k -manifolds. 

Proof. The projection 7r is an invariant map related to T fc -action meaning that 7r(9E(fx)) = 
^x{^{fx)) = 9x{%) for any f x £ F x , where F x is the fiber over x £ X. For x being a 
fixed point for 9x we obtain that ir(9E{fx)) — x for any f x £ F x . This further means 
that 9e ■ F x — > F x and therefore it defines the action of the torus T k on F x . Being both 
induced by 6e and c T ( E )> it follows that (9f :l ,c Tf ( E )) is tangentially stable complex 
restructure on F x . □ 

Due to Lemma l7~4l we obtain that (F x , 9e\F x , c t (e)\F x ) is tangentially stable complex 
T fc -manifold for a fixed point x related to the action 9x and, therefore, the universal 
toric genus $(F X , c TFx (£) , 0fJ is defined. 

Theorem 7.5. Assume we are given a smooth fibration F — — > E — X such that 
E and X are endowed with tangentially stable complex T k -structures (c t (e),9e) and 
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(c T (x), Ox) which are compatible with the given fib ration. Then 



<S>(E,c t(e) ,O e ) = Yl sign(x)J] M F x ,e E \F x ,c T(E) \F x ), (55) 

x£Fix(X) 3 = 1 L A iWJW 

where Aj (x), 1 < j < n are f/ie weights for the action Ox at a fixed point x £ X and 
2n = dimX. 

Proof. Let e £ E be a fixed point for the action Since the projection 7r is a T k - 
invariant map we have that x = 7r(e) is the fixed point for Ox and, thus, by Lemma l7~4l 
we obtain that e = f x £ F x is the fixed point for Qp x . Therefore the set of fixed 
points Fix(E) for E is given by Fix(E) — [J Fix(F x ), where Fix(X) and 

x£Fix(X) 

Fix(F x ) are the fixed point sets for Ox and Em . Lemma 17741 gives that E \F X = 0p x 
and by definition c T ( E ) induces the stable complex structure on t e (E). It implies that 
the weights for E related to c T ( E ) at the fixed point e = f x contain the weights for 
6 related to c TF r E ) at the fixed point f x . On the other side, T e (E) — Tf a (F x )@ H e , 
where H e is the subspace determined by the horizontal subbundle T~L of the connection 
C, then dir : H e — > T X (X) is a stable complex isomorphism related to the stable 
complex structures c% and c T (x) and the projection it is an invariant map related to 
the torus actions on E and X. It implies that the weights for E related to c T ( E ) at 
the fixed point e, complementary to those of Em related to c TF ( E ) at the fixed point 
e = f x , are given by the weights for Ox related to c T (x) at the fixed point x — 7r(e). 
Since c r ( B ) = c TF ,i E ) © c n it follows that sign(e) = signfz) • sign(/ ;E ). Therefore we 
deduce that 

n 

$(E,9 E> c T(E) )= J2 signfo) • JJ ^(F x ,Q E \F x ,c r{E) \F x ). 

x^Fix(X) j=l ' 3\ x )\{ I 

□ 

Remark 7.6. Note that Theorem l7.5l shows that the universal toric genus for (E, E ,c T ( E -)) 
does not depend on a connection C satisfying Definition UJT] 

7.1 Construction. 

We provide now the construction of a compatible tangentially stable complex T k - 
fibration assuming we are given tangentially stable complex T k -structures on the base 
X and the fiber F. We denote by c T ^ E ) and c T (x) the stable complex structures and 
by Op and Ox the torus actions on F and X respectively. We want to define the fiber 
bundle F E — X with Testable complex structure {Cr{m ,0 E ) which naturally 
arises from the actions E and Ox and the stable complex structures c T r E ) and c T ( X )- 
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7.1.1 The fiber bundle. 



Let G be some subgroup of the diffemorphism group Diff (F) for F. We assume that 
(F, c T (ir), T) is a tangentially stable complex G manifold, where T denotes the action 
of the group G on F. We also assume that the action V commutes with the action 
Op. Consider the principal G-bundle Y over X and the associated to it fiber bundle 
F -A E = Y x G F X. The structure group for the bundle (E, X, F) is G. 

7.1.2 The actions 9 F . 

Using the action Op we can, in a natural way, define the action Fx of the torus T k on 
the fiber F x at x £ X. We do it as follows. Let us fix a G-atlas for (E, X, F) and 
<f> ■ 7r _1 (U) — > [/ x F be some chart from this atlas, where U is an open neighborhood 
for x £ X. We define 6 Fx by setting 

for x e X and f x £ F x , or, equivalently, Fx = (f)^ 1 o Op o (f> x , where <f> x = 4>\f x . This 
definition is good in a sense that it does not depend on the choice of the chart (</>, U) in 
the neighborhood of x from the fixed G-atlas. Namely, if (ip, V) is another such chart 
then ip x o <p~ 1 e G and, by assumption it commutes with Op. Therefore we obtain 

Op o tp x = Op o ip x o (f)' 1 o (j) x = ip x o (j)- 1 o0 F o<p x 

what implies i\)~ x o Of o ip x = (f)^ 1 o 9p o <p x . 

7.1.3 The stable complex structure c r ( Fx ). 

Using the stable complex structure c T ( F ) we define the stable complex structure c T ( Fx ) 
on F x for any x £ X as follows. By definition c r ( F ) : r(F) © R 2 ' -> £ is a real 
isomorphism for some trivial bundle M 21 and some complex vector bundle p : £ — > F. 
Let </> be an arbitrary chart from the fixed G-atlas for (E, X, F). Consider the complex 
vector bundle £ x over F x obtained as the pullback of the complex vector bundle £ by the 
diffeomorphism^ : F x -> F,i. e. £ x = {{f x ,z)\ 4> x (f x ) =p(z), f x £ F x , z £ £}. 
Denote by <f) x : £ x — >• £ the projection on the second coordinate. We define the stable 
complex structure c T i F \ on T(i^) by the following diagram 

t(F 2 )®]R 2 ' ► r(F)®K 2 '. 

From the definition of c T ( Fx \ it follows that <j> x : F x — > F is a stable complex trans- 
formation related to the structures c T ( Fx ) and c r (i?). This implies that the structure 
c T ( Fx ) is well defined. Namely, for any two charts and tjj in the neighborhood of x 
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and the stable complex structures c T (p x ) an d c T i y F ) these charts define, we obtain that 

1 ° <p x '■ Fx — > F x is a stable complex transformation related to c T ( Fx ) and c T ip x y 
It implies that these stable complex structures are isomorphic as the diagram shows: 

ix — ► c 

„ Ct(Fx) c ^->„ 

t(F x )®R 21 ► t{F x )®R 21 . 

d(tp x l O(j> x ) 

Because of the commutative diagram 

L — - t{f x ) © m 2 ' — - t(f x ) © R 21 — - 

t T 

£ ^ t(f) © M 2i > r(F) e R 2i — >■ <e , 

the stable complex structure c T (p x ) is equivariant under the T^-action 9 Ex on F x . 

The way c T ( Fm ) is defined implies that it will be an almost complex structure in the 
case c r ( F ) is a such structure. 

7.1.4 The stable complex structure c r ( E y 

In order to define the stable complex structure c T i E \ on E using the structures c r ( jr) and 
c t(x) we nee d some additional, geometric, structure on (E, X, F). Let C be a (Ehres- 
mann) connection on the fiber bundle (E, X, F) defined by the smooth horizontal sub- 
bundle H of t(E) which is complementary to the vertical bundle t e (E) — Kerdn in 
the sense that t(E) =H® t f (E). 

The vertical bundle tf(E) consists of vectors tangent to the fibers and, therefore, it 
inherits the stable complex structure c TF i E \ from the structures c T r E \. 

The real isomorphism dir : H — > t(X) defines the stable complex structure c~n on the 
horizontal bundle % if we put c-n = (c?7r) _1 o c~, x y We define the stable complex 

structure c t{E ) : t(E) © R 2 ' © R 2m -> £ © jy by 

c r(E)l«©R 2m = c r(E)lr F (_E)©K 21 = C T F (E)- (56) 

Remark 1AAA. If c r ( F ) and c r (x) are almost complex structures we obtain that c r ( S ) 
is an almost complex structure as well. 

7.1.5 The action 6 E . 

Denote by S t the one parameter subgroup of T k generated by an element t e T k . For 
x £ X let a( Xl t) be the curve in X which is the orbit of the element x by the action 
of St or in other words Q( Xl t) = 9x{St)x. For any f x e F x there exists, regarding 
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to the connection C, the unique horizontal lift octf,.,*) of the curve at x ,t) such that 
a/f x t \(0) = f x . Using this we obtain the family of diffeomorphisms &( Xl t) ■ F x — > 
Fe x {t)(x) defined by *&( x ,t)(fx) = ^(/^.t) (!)■ 11 further defines the family of smooth 
maps tt t ■ E —> E by VL t (e) = ^/ Xl t){fx), where x — 7r(e) and e = f x g .F x . 

The way the map f2 ( is defined implies that dil t commutes with the stable complex 
structure c T t E ) in the sense that the composition 

e ® r, C lk t(E) © K 2 ' © K 2m r(E) M 2( © R 2m ^(ffi, (57) 

is a complex transformation for any t E T k . 
We define the action Oe of the torus T k on E by 

^(*)(e) = (^. JrW( .,o *(«,*))(/*), (58) 

where x — 7r(e) and e — f x E F x . Note that from this definition it follows that 
K{0E{t){e)) — $x(t)(x). The way (E,Qe,c t ( E )) is constructed implies that it will 
will be a tangentially stable complex T fc -manifold. 

Theorem 7.1.5.1. The structures (6e, Ct(e)) an d (@x,c T (X)) are compatible with the 
fibration F — > E — X. 

Proof. It follows from (ED that 7r(0 B (i)(e)) = *(^ ww (*(*,t)(/»))) = 
ft^ltlW^.ilf 1 ))) = ,*)(!)) = "(ar,t)(l) = M*)0)> where x = ?r(e) 

and e = / x . Thus, the projection it is a T fe -invariant map. The formula (l56l l which 
defines c T t E ) directly verifies that the last two conditions in Definition 17 . 1 1 are also 
satisfied. □ 

Corollary 7.1.5.2. If the action 6e has finite number of isolated fixed points then the 
universal toric genus for (E, Oe, c t (e)) & given by 

n 

$(E,9 E ,c T{E) )= Yl sign^) J] rA.f^ifu^ ^'^'^)) ' (59) 

x£Fix(X) j=l ^ j ^ ' 

where sign(ir) and Aj (x), 1 < j < n are the sign and the weights for the action Ox at 
the fixed point x. 

Remark 7.1.5.3. Note that the universal toric genus for (E, Oe, c t (£)) depends on the 
triples (X, Ox, Ct(x)) an d (F, Of,c t (f)) an d the differentiable G- structure of the fi- 
bration. 

Corollary 7.1.5.4. If &{F Xl , Fwi , Ct(f x1 )) = ®{F X2 ,e Fx2 ,c T[F ^) in U*(BT k )for 
any Xi , Xi E Fix(X) then 

<S>{E,Qe,c t{e) ) = HX,0x,c r(X )) ■ HF,0 F ,c T{F) ) . (60) 
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Recall that we have the set of diffeomophisms (f> x : F x — > F induced by the charts 
in the neighborhood of x of the G-atlas for (E, F, X) where x € X. For any such <f> 
we obtain the map cj)- 1 : BT k -> BT k defined by the dia gram 



F > ET k x Tk F > BT k 



t{F x ) > ET k x t h F x > BT k , 

v 

where cf)^ 1 is induced by 4> x l - The following observation directly follows from the 
properties of the Gysin homomorphism. 

Lemma 7.1.5.5. The map induces the homomorphism (^T 1 )* : U*(BT k ) — > 
U*(BT k ) which satisfies 

$- 1 )*($(F,c TiF) ,6 F )) = $(F x ,c T{F!B) ,e Fx ). (6i) 

Then as the direct consequence of Theorem[59]we obtain the following. 

Corollary 7.1.5.6. Let <j) x : F — > F x be the diffeomorphism given by an arbitrary 
chart (j) in the neighborhood of x from the given G-atlas for (E,F,X) and ((j)^ 1 )* : 
U* (BT k ) — > U*(BT k ) is the induced homomorphism, where x € Fix(X). Then 

n 

<$>(E,8 E: c T{E) )= sign(^) II r A r M( u) fe 1 )* ^, c t(f) )) . (62) 

xeFix(x) j=i i\ > 

Example 7.1.5.7. Let G a compact connected Lie group, H its closed connected sub- 
group such that rkiJ = rkG = k. Assume G/H to be endowed with an invariant 
almost complex structure and with the canonical action of the maximal torus T k . Con- 
sider the subgroup T of Diff(G/ff) given by the canonical action of the torus T k . Let 
further X be an arbitrary tangentially stable complex T fc -manifold. Consider the prin- 
cipal T-bundle over X and the associated to it fiber bundle G/H — l -t E X and 
fix some smooth T-structure on this bundle. Following above construction we obtain a 
tangentially stable complex T fc -manifold (E, 9e,Ct(e))- Theorem !?. 1.5. 21 gives that 

$(E,e E ,c T{E) )= Yl Ii jKlxmr) mG/H) ^ Jx)) ' 

xeFix(X)j=l [ jV ;JV ' 

In particular we can take X to be a homogeneous space G\/Hi where rkGi = 
rkiTi=fc. 

Example 7.1.5.8. Let G be compact connected Lie group, H its closed connected 
subgroup such rkG = rkH. Assume that G/H admits an invariant almost complex 
structure J\ and fix some invariant almost complex structure J2 on H/T k , where T k 
is the common maximal torus for H and G. Following the notations from (0 we take 
X = G/H and F = H/T k endowed with the structures J\ and J2 and canonical 
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actions 9x and Op of the torus T k . Let us fix the diffeomorphism group T for F given 
by the action of T k . The associated fiber bundle to the principal T-bundle over X with 
the fiber F is homogeneous fibration F = H/T k -> E = G/T k -> X = G/if. 
Let J be the almost complex structure on £ = G/T k obtained from J\ and J2 by 
the construction from ( 17.1.4) related to the canonical invariant connection C on this 
homogeneous fibration. Using the given actions Ox and Op we may define, following 
( 17.1.5b . the action of the torus T k on the total space E = G/T k . Since Fix(G/H) = 
W G /W H , Corollary |7TT32l implies that 

n - 

$(G/T fc ,0,J) = £ II [A .( W )]( U ) H(H/T k ) w ,9 (H/T)v ,, ( J 2 ) w ), 

where the weights Aj(w) for the action #gv# related to the almost complex structure 
J 1 are established in |[T5l . 

Remark 7.1.5.9. Note that the action 9 on G/T k from this example is different from 
the canonical action of T k on G/T k , since it induces T fc -action on each fiber, while 
the canonical action does not do the same. We also see from the construction of the 
structure J that it is not necessarily invariant under the action of the group G on G/T k , 
although it's horizontal component, related to the canonical invariant connection C, is 
invariant. 

7.1.6 Rigidity and multiplicativity of a Hirzebruch genus. 

Regarding this question for fibrations we have constructed in this Section it is valid 
the statement analogous to that for compatible almost complex homogeneous fibra- 
tions. Note that T fc -equivariant extension Cj — Cf o $ of any Hirzebruch genus 
Cf commutes with any homomorphism h : U*{BT k ) — > U*(BT k ), meaning that 
ho(£fO&)=£fo(ho <£>). Then Corollary 17.1. 5. 6l implies the following. 

Proposition 7.1.6.1. Assume we are given stable complex T '-manifolds X and F and 
let E be the stable complex manifold obtained as the total space of the fibration over 
X with the fiber F in the way we described. If the Hirzebruch genus C / is T k -rigid on 
F then it will be multiplicative for this fibration. Moreover 

1. if Cf vanishes on F, then Cj will vanish on Q(E, 9p, c T (E))'' 

2. if Cf does not vanish on F then C f it T k -rigid on E if and only if it is T k -rigid 
on X. 



8 Tangentially stable complex T n -bundles over WP n 

We start by recalling some results on toric genera for fibrations from lfl3l . Assume 
we are given tangentially stable complex T fe -bundle F — > E — > X. This means 
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that E and X are smooth manifolds with the actions of T k , ir is a smooth map which 
is invariant under the action of T k and the tangent bundle Tp (E) along the fibers is 
equipped with T fe -equivariant stable complex structure c w . 

Remark 8.1. Note that when X is a point both E and F can be identified with some 
smooth T^-manifold M 2n and Tp(E) can be identified with its tangent bundle r(M), 
while c t (tt) gives T fe -equivariant tangentially stable complex structure c T on M 2n . 

Denote by UZ, k {X) the set of cobordism classes of tangentially stable complex T k - 
fibrations over X. We use this notation instead of f2y. Tfc (X) as it is in |fl3l because 
of consistency of the notations in the paper. For any smooth manifold X in |[T3ll it is 
constructed the homomorphism 

<5>x ■ U* k (X) -> U*(ET k x Tk X), 

called the universal toric genus. When X — pt we obtain $ pt : 

: tllj. Tk -t flu[[ u U ■■■■> u k}} 
and it is satisfied $ pt (M 2n , c r , 6) = <f>(M 2n ,c T ,9). 

Remark%.2. In the same way can be constructed G-genus $x-.g '■ Uq(X) — > U* (EGxq 
X), where Uq(X) denotes the set of cobordism classes of tangentially stable complex 
G-fibrationsoverX. Analogously, when X = pt oneobtains that $ pt .<3(M 2n , c T , 7) = 
$ G (M 2 ",c T , 7 ). 

Assume that all fixed points for the action of T k on E are isolated. Denote by Fix(E) 
and Fix(X) the sets of fixed points on the base X and the total space E and by 
Fix(F x ) the set of fixed points in the fiber F x = 7t -1 (ie) for some fixed point x £ 
Fix(X). Note that any e e Fix(E) can be looked as e = (x, f x ) for x £ Fix(X) 
and f x £ Fix(F x ). Let ojj(f x ) be the weights at the fixed point f x £ Fix(F x ) that are 
determined by where 1 < j < n. The following result is proved in [ 13], Theorem 
4.6. 

Theorem 8.3. For any tangentially stable complex T k -bundle F — 5- E — X with 
isolated fixed points, the equation 

n 1 

x&Fix(X) f x eFix(F x ) i=l L ^^'^ > 

is satisfied in ®Fix(X)U~ 2n (BT k x x), where x and f x range over Fix(X) and 
Fix(F x ) respectively. 

Remark 8.4. According to the previous theorem we can assign to &(Tr)\Fix(x) tne vec_ 

/ n \ 

tori s ig n (/x) II 1 — fTTR T J which belongs to a Fix (X) -dimensional 

V / x e_Fix(_F x ) i=l 1 j{TxmU) <' xEFix(X) 

module over fljj. 

Theorem 8.5. The universal toric genus of the fib ration 

CP 1 x Sp(n - 1)/T" _1 — -> Sp{n)/T n HP"" 1 (64) 
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of an arbitrary invariant almost complex structure on Sp(n)/T n can be written as 
1>ip» W = 9o,M 2u + E 9i,u |u| 2 "z + ... + £ Sn-i, w |u| 2w * n - 1 , 

UJ UJ UJ 

where gj ibJ € fiy 2 ( 2n+2+ '"^/or u = (h, ■ . ■ ,i n ), then |u| 2 " = |ui| 211 • • • |u„| 2j " and 
z — pf p (p) is the first symplectic Pontrjagin class of the canonical quaternionic line 
bundle over the projectivisation HP(?yj!j © • • • © fyJJ) — — > BSp(l) n . In particular if 
n = 2, /or the invariant complex structure we obtain the coefficients <?o,u to be: 

go.uj = 2 2(ll+l2+1) a 2ll+l a 2l2+1 , /or u> = (n.ia). 

Remark 8.6. Note that z = p 1 p (p) restricts to the fiber HP" -1 of the projectivisation 
p to the first symplectic Pontrjagin class of the canonical quaternionic line bundle over 

HP"" 1 . 

Proof. Let us fix an invariant almost complex structure J on the quaternionic flag man- 
ifold Sp(n)/T n . The structure J on T(Sp(n)/T n ), being a 5p(n)-invariant almost 
complex structure, induces P"-invariant almost complex structure on the tangent bun- 
dle along the fibers t cp i x g p ^ n _ 1 y Tn -i(Sp(n) /T n ) of the fibration d64l i. The action 
of T n on Sp(n)/T n and on HP' 1-1 is compatible with the fibration ( |64| i, so it is de- 
fined the universal toric genus <E>hp™ (t) which is an element in U*(ET n Xr«HP n_1 ). 
In order to describe $hp» (tt) explicitly, we consider the following situation. 

The structure J also induces the Sp(l)™-invariant almost complex structure on the 
tangent bundle Tcpi x sp(n-i)/T n - 1 (Sp( n )/T n ) and the action of the group Sp(l) n 
on Sp(n)/T n and on HP" -1 is compatible with the fibration d64l i, so it is defined 
Sp(l)™-genus $hp»:Sp(1)»(7t). It is an element of U*(ESp(l) n x Sp(1)n HP™ -1 ). 
Namely recall that fibration (|64| | induces the fibration 

CP^Spin-lJ/T"- 1 — > ESp(l) n x Sp{1)n S P (n)/T n lx ™$ n * ESp(l) n x Sp(1) „HP 

Then the Sp(l)™ - genus is defined with $HP":Sp(i)™ M = (1 x Sj>(i) n ""Ml)' where 

(1 x Sp(1)n tt), : U*(ESp(l) n x Sp(1) „ Sp{n)/T n ) -> U*{ESp{l) n x Sp(1) „ HP" -1 ) 

is the Gysin homomorphism induced by 1 x s p (i)n tt. 

The relation between $hp™ and 3>HP™:Sp(i)™ i s by Lemma |2 . 2 . 2 1 given by 

-Bj*^HP":S P (i)" = *hp" , (65) 

where Bf : U*(ET n x T . HP™ -1 ) U*(ESp(l) n X Sp(1)n HP™ -1 ) is induced by 
the inclusion j : T™ -> Sp(l) 71 . 

The cobordism ring P* (ESp(l) n x sp(i) n HP™ -1 ) can be described using projectivi- 
sation. Let us consider HP™ -1 = Sp(n)/Sp(l) x Sp{n - 1). The group Sp(l) n acts 
smoothly on HP" -1 and we can consider the Borel construction for this action 

HP" -1 — > ES P (l) n x Sp(1)n HP" -1 — > BSp(l) n . 
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This bundle can be obtained as quaternionic projectivisation of the quaternionic vector 
bundle Vu over BSp(l) n which is the direct sum of n - copies of the tautological line 
bundle i]m over BSp(l), i. e. 

ES P (l) n x Sp{1)n HP"" 1 = MP(V B ) = HP(r& ® ■ ■■ ® r&) . 

It follows that U*{ESp{l) " x Sp(rr HP"- 1 ) is a free U*(BSp(l) n )-mo<M: 

U*(ESp(l) n x 8Hl) »MP n - 1 ) = U*(BSp(l) n )[z]/{z n +pf p (V M )z n - x +. . .+ P f p (V u )) , 

(66) 

where pf p (Ve), ■ • ■ , P^ p (Vh) are the symplectic Pontrjagin classes of the bundle Vk — > 
BSp(l) n and z denotes the first symplectic Pontrjagin class of the canonical quater- 
nionic line bundle over the projectivisation HP(Vh) — > BSp(l) n . 

As the bundle Vu — > BSp(l) n splits into the sum of n quaternionic line bundles, it 
follows that 

z n +pf p (Vm)z n - 1 + ...+p^ p (V M ) = (z + v 1 )(z + v 2 )---{z + v n ) , 

where Vi = Pi P (tIm) are the first symplectic Pontrjagin classes of the tautological 
quaternionic line bundles rfa for 1 ^ i ^ n. Note that these classes give the generators 
for U*(BSp(l) n ) or in other words U*(BSp{l) n ) = n^[[v u . . . ,v n ]}. We obtain that 

U*(ESp(l) n x Sp(1)n HP"- 1 ) = nt,[[vi,. . . , v n ]][z]/{(z + «x) • • • + v n )) . 

It follows that $HP ra :Sp(i)" ( 7r ) can be written as 

*HP":S P (i)"( 7r ) = .9o + 9iz + ■ . . + gn-iz 71 ^ 1 , 
where the coefficients gj 6 17 ^ [[v\, . . . , v n ]] are of the form 

UJ 

for u = (ix, . . . , i n ) where ii, . . . , i n are nonnegative integers and v w = vl 1 ■ ■ ■ t>£». 
The coefficients gj iUl lie in Q^ 2 ( 2n + 2 +M) ) wn ere |w| = uj% ^ + w n . 

The inclusion T" C Sp(l)" induces the inclusion U*(BSp(l) n ) = ^[[ux, . . .,«„]] C 
U*(BT n ) = f2y[[ui, . . . , u„]] given with — > UjUj for 1 ^ i ^ n. One can 
get it from the fibre bundle CP 2 "- 1 -A HP"- 1 as Px{r^) = c 2 (rf c ® 4) = 
c i( 7 7c) c i( ? 7c) = Following ifTTl we put u.-tt,- = \ui\ 2 what implies that U* (BSp(l) n ) 
includes in U*(BT n ) as fiy[[|wi| 2 , |u„| 2 ]]. 

Because of d65l l we obtain 

$hp"(tt) = go + g\z + . . . + g n _iz n ~ 1 , 
where the coefficients gj are 
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forcj = (i 1) ...,v)and|u| 2 " = M 2 * 1 • • • K| 2 V 

In particular, for n = 2 we have the fibration CP 1 x CP 1 — > Sp(2)/T 2 HP 1 
and 

*hpi(7t)= 2 5o,.ki| 2il k 2 | 2l2 + ( £ SLuM^M*')-*- (67) 

w=(ii,»2) w=(*i,ia) 

Let us fix the invariant almost complex structure J on Sp(2)/T 2 given by the roots 
x\ + X2, xi — X2, 2xi and 2^2 for Sp(2). For the ordering x\ > X2 > all these roots 
are positive what implies that the structure J is integrable. Using Theorem 12. 1.1 1 we 
obtain the universal toric genus for (Sp(2), J): 

<S>{Sp{2)/T\ J) = [ W (l, l)](u) ' [w(l, -l)](u) ■ [w(2, 0)](u) ' [w(0, 2)](u) ' 

Wfc Ws p {2) 

(68) 

where u = [u\, U2). On the other hand the base HP 1 has 2 fixed points and the weights 
for the T 2 -action related to the structure induced by J on the fiber CP 1 x CP 1 at these 
two fixed points are 2x\ and 2x 2 - It implies that 

$HP1 WU(HP1) = 2 ' ( WMu) + [(-2, 1 0)](u) ) ' { WMu) + [(0,-2)](u) ) ■ 

(69) 

As the generator z from d67l > vanishes on the base HP 1 it follows that the coefficients 
go,ui from doTl i for these fibrations can be computed from (|69l . Namely if we apply the 
Chern-Dold character to (|69~t we obtain: 



h fi> I 9 rZi^ll /(2* 2 ) , /(2 gl ) /(-2x 2 ) 

f(-2xi) f(2x 2 ) , /(-2xi) /(-2x 2 ) , >r- 9 2( fc+ ; + i) 2; 2fe „ 

o ' - o 1 o ' o J - Z. z x i x 2 a>2i+ia>2k+i, 

—2x\ 2x2 —2x\ —2x2 

what, together with the application of the Chern-Dold character to the restriction of (l67t 
to the base HP 1 , gives that 

ga,u(n) = 2 2(ll+i2+1) a 2il+ ia 2l2+ i, for lo = (ii,i 2 ). 

□ 

Remark 8.7. Note that $epi (7r) | fi^hp 1 ) is invariant under the action of Ws p (2) ■ On 
the other hand we have that the complementary root system x\ — x 2 , x\ + x 2 to the 
fiber is not invariant under the action of the stationary Weyl group Ws p m x Ws p {\) 
of the base HP 1 which is given by iacj., ±xa. By Proposition ^. 1 ,3l it implies that this 
structure, and analogously any other invariant almost complex structure does not come 
from some invariant almost complex structure on the base. It further provides one more 
proof that HP 1 does not admit any invariant almost complex structure. 
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Remark 8.8. We can proceed in the same way to compute ijpn-i (tt) for the fibration 

CP 1 -J- CP 2 ™" 1 HP"" 1 , where we consider unique up to conjugation Sp(n)- 
invariant complex structure J on CP 2 ™ -1 and the action of the torus T n on CP 2 " -1 
and HP™" 1 , since CP 2 "- 1 = Sp{n)/U{\) x Sp(n - 1). For n = 2, the roots for J 
are x\ — x 2l x\ + x 2 , 2xi, while 2x± is the root of the induced invariant almost complex 
structure on the fiber. Therefore we have 

^ WI^CHPi) - 2 • ( [(0) 2 )](u) + [(0) _ 2)](u) )' ™ 

For the coefficients go,w from (l67l > for this fibration, by application of the Chern-Dold 
character to (|70| >. as in the previous proof, we obtain: 

cn-[/1 > HPH7rj| J Fia;(Hpi) = 2 • (— 1 — J = 2_^l x 2 a 2 k+i- 

ZX 2 ZX 2 , „ 

k— 

5o,w(7r) = 0, forw = («i,i 2 ), «i 7^ 0: 5o^(tt) = 2 2l2 a 2l2+ i for w = (0, i 2 ). 



8.1 On the multiplicativity question of the universal toric genus. 

The multiplicativity question for the universal toric genus of a tangentially stable com- 
plex T k manifold M 2 ™, and in particular homogeneous spaces we consider, is closely 
related to the algebraic question of the type of decomposability of $(A/ 2 ™, c T , 9) in 
f2^[[iii, . . . , Uk]]- We summarize it for homogeneous spaces G/K as follows: 

1. If there is fibration H/K — > G/K — > G/H such that the invariant almost 
complex structure on G/K induces invariant almost complex structures on both 
H/K and G/H then by Theorem 16. 3 1 the element $(G/K) can be represented 
as the sum of the elements from the orbit of $(G/7J) e • $(H/K) by the action of 
the quotient of groups Wq/Wh in fi^[[ui, . . . , Uk]], where $(G/P) e denotes 
the universal toric genus of G/H restricted to the identity point. 

2. If G/K is the total space of a homogeneous fibration regarding to which the uni- 
versal toric genus for G/K is multiplicative it implies that the element <fr(G/K) 
decomposes into the product of two elements in f2^[[ui, . . . , Uk]}- Examples of 
such decomposable elements in [[ui , . . . , Uk}] are given by the universal toric 
genera of the spaces provided by Corollary 16. 1.61 

3. If for some homogeneous fibration the invariant almost complex structure on 
G/K does not induce an invariant almost complex structure on the base G/H 
then the universal toric genus of G/K can not be obtained as the sum of the 
elements of the orbit of the multiple of &(H/K) by the action of Wg/Wh, 
where H / K is endowed with the induced invariant almost complex structure. 

Example 8.1.1. Let us consider the universal toric genus for (Sp(2)/T 2 ,J) given 
by (58). We know that Sp(2)/T 2 fibers over HP 1 with the fiber CP 1 x CP 1 , but it 
checks directly that d68| i can not be obtained as the sum of the elements from the orbit 
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of ^(CP 1 ) • ^CP 1 ) = ( w ^ m + 1( _ 2 , 1 0)](u) ) • (WMU?) + Ko,-2)J(u) ) multiplied 

b y [ (i.^ku) • [(i,-i) ] ( U ) ' b y the action of the s rou P w s P (2)/w Sp (i) x w Sp (i) = z 2 . 

On the other hand since Ws P (2) = S 2 {±xi,±x 2 ) we see that <&(Sp(2)/T 2 ) can be 
written as 

1 l l l l _ 

wes h x) [w(l,l)](u)-[w(l,-l)](u)'[w(2,0)](u)' W( [(0,2)](u) + [(0,-2)](u) ) = 

£ 1 h4)M'RW'" ( * (cpV ' ,) ' <71) 

w£i>2(±Xl,X2) 

where Ji is the standard complex structure on CP 1 . It checks directly that this twisted 
productformulafor$(5'p(2)/T 2 , J) can be realized by the fibration CP 1 -> Sp(2)/T 2 
CP 3 , where the base and the fiber are endowed with the standard complex structures. 



References 

[1] J. F. Adams, Lectures on Lie groups. W. A. Benjamin, Inc., New York-Amsterdam 
1969. 

[2] M. Atiyah and F. Hirzebruch, Spin manifolds and group actions, Essays on Topol- 
ogy and Related Topics, Sprienger, 1970, 18-28. 

[3] A. Borel, Sur la cohomologie des espaces fibres principaux et des espaces ho- 
mogenes de groupes de Lie compacts, Ann. of Math. 57 (1953), 1 15-207. 

[4] A. Borel and F. Hirzebruch, Characteristic classes and homogeneous spaces I, 
Amer. J. Math. 80 (1958), 459-538. 

[5] A. Borel and F. Hirzebruch, Characteristic classes and homogeneous spaces II, 
Amer. J. Math. 81 (1959), 315-382. 

[6] R. Bott and C. H. Taubes, On the rigidity theorem ofWitten, J. Amer. Math. Soc. 2 
(1989), 137-186. 

[7] H. W. Braden and K. E. Feldman, Functional equations and the generalised el- 
liptic genus, J. Nonlinear Math. Phys. 12, Supplement 1 (2005), 74-85. 

[8] V. M. Buchstaber, The Chern-Dold character in cobordisms I, (Russian) 
Mat. Sb. (N. S.) 83 (125) (1970), 575-595. 

[9] V. M. Buchstaber, General Krichever genus, (Russian) Uspekhi Mat. Nauk, 65:6 
(395) (2010), 187-188. 

[10] V. M. Buchstaber, E. Yu. Bunko va, Elliptic formal group laws, integral Hirze- 
bruch genera and Krichever genera, arXiv: 1010.0944vl [math-ph] 5 Oct 2010. 



64 



[11] V. M. Buchstaber and S. P. Novikov, Formal groups, power systems and Adams 
operations, (Russian) Mat. Sbornik84 (1), (1971), 81-118. (english translation in 
Mathematics of the USSR - Sbornik (13) 1, (1971), 80-116. 

[12] V. M. Buchstaber and T. E. Panov, Torus action and their application in topol- 
ogy and combinatorics, University Lecture Series, 24, American Mathematical 
Society, Providence, RI, 2002. 

[13] V. M. Buchstaber, T. E. Panov and N. Ray Toric genera, Internat. Math. Research 
Notices 16 (2010), 3207-3262. 

[14] V. M. Buchstaber and N. Ray, The universal equivariant genus and Krichever's 
formula, (Russian) Uspekhi Mat. Nauk 62 (1) (2007), 195-196. (english transla- 
tion in Russian Math. Surveys 62 (1) (2007)) 

[15] V. M. Buchstaber and S. Terzic, Equivariant complex structures on homogeneous 
spaces and their cobordism classes, American Mathematical Society Transla- 
tions, Series 2, Volume 224, Advances in the Mathematical Sciences, 2008, 27- 
57. 

[16] S. S. Chern, F. Hirzebruch and J-P. Serre, On the index of fibered manifold, 
Proc. Amer. Math. Soc. 8 (1957), 587-596. 

[17] A. Gray, Riemannian manifolds with geodesic symmetries of order 3, J. Differen- 
tial Geom. 7 (1972), 343-369. 

[18] F. Hirzebruch, \jber die quaternionalen projektiven Rdume, S.- 
B. Math. Nat. Kl. Bayer. Akad. Wiss. 1953, (1954), 301-312. 

[19] F. Hirzebruch, Topological methods in algebraic geometry, Springer- Verlag New 
York, Inc., New York 1966. 

[20] F. Hirzebruch, Elliptic genera of level N for complex manifolds, in Proceedings 
"Differential geometrical methods in theoretical physics" edited by K. Bleuler 
and M. Werner, Kluwer Academic Publishers (1988), 37-65. 

[21] F. Hirzebruch, T. Berger and R. Jung, Manifolds and modular forms, Aspects of 
Mathematics, E20, Vieweg and Braunschweig, 1992. 

[22] F. Hirzebruch and P. Sladowy, Elliptic genera, involutions, and homogeneous spin 
manifolds, Geom. Dedicata 35 (1990), no. 1-3, 309-343. 

[23] G. Grantcharov, Geometry of compact complex homogeneous spaces with vanish- 
ing first Chern class, Adv. in Math. 226 (201 1), no. 4, 3136-3159. 

[24] T. Koda, The first Chern class of Riemannian 3-symmetric spaces: the classical 
case, Note Mat. 10 (1990), no. 1, 141-156. 

[25] D. Kotschick and S. Terzic, Chern numbers and the geometry of partial flag man- 
ifolds, Comment. Math. Helv. 84 (2009), 587-616. 



65 



[26] I. M. Krichever, Formal groups and the Atiyah-Hirzebruch formula, (Russian) 
Izv. Akad. Nauk SSSR, 38 (1974), no. 6, 1271-1285. 

[27] I. M. Krichever, Obstructions to the existence of S 1 -actions. Bordism of remified 
covering, (Russian) Izv. Akad. Nauk SSSR, 10 (1976), no. 4, 783-797. 

[28] I. M. Krichever, Generalized elliptic genera and Bake r-Akhiezer functions (Rus- 
sian) Math. Zametki 47 (1990), no. 2, 34^4-5; translation in Math. Notes 47 
(1990), no. 2, 132-142. 

[29] I. G. Macdonald, Symmetric functions and Hall polinomials, 2nd edition, Oxford 
University Press, 1995. 

[30] W. S. Massey, Non-existence of almost complex structures on quaternionic pro- 
jective space, Pacific J. Math. 12 (1962), no. 1, 1379-1384. 

[31] S. P. Novikov, Homotopy properties of Thorn complexes, (Russian) 
Mat. Sb. (N. S.) 57 (99) (1962), 406^142. 

[32] S. P. Novikov, Methods of algebraic topology from point of view of cobordism 
theory, (Russian) Math. USSR Izv. 31 (1967), no. 4, 827-913. 

[33] S. P. Novikov, Adams operators and fixed points, (Russian) Izv. Akad. Nauk 
SSSR, 32 (1968), no. 6, 1193-1211. 

[34] S. Ochanine, Sur les genres multiplicatifs dfinis par des intg rales elliptiques, 
(French) Topology 26 (1987), no. 2, 143151. 

[35] A. L. Onishchik, Topologiya tranzitivnykh grupp preobrazovanii, (Russian) Fiz- 
matlit "Nauka", Moscow, 1995. 

[36] A. L. Onishchik and E. B. Vinberg, Seminar po gruppam Li i algebraicheskim 
gruppam, (Russian) URSS, Moscow, 1995. 

[37] T. E. Panov, Hirzebruch genera of manifolds with torus action (Russian) 
Izv. Ross. Akad. Nauk Ser. Mat. 65 (2001), no. 3, 123-138; translation in 
Izv. Math. 65 (2001), no. 3, 543-556. 

[38] W. Rudin, Real and complex analysis, McGraw-Hill Book, 1987. 

[39] P. Skanahan, On the signature of Grassmannians, Pacific J. Math. 84 (1979), 
no. 2, 483-490. 

[40] P. Slodowy, On the signature of homogeneous spaces, Geom. Dedicata 43 (1992), 
no. 1, 109-120. 

[41] S. Terzic, Cohomology with real coefficients of generalized symmetric spaces 
(Russian), Fundam. Prikl. Mat. Vol. 7 (2001), no. 1 131-157. 

[42] D. Quillen, On the formal groups laws of unoriented and complex cobordism 
theory, Bull. Amer. Math. Soc. 75 (1969), 1293-1298. 



66 



[43] H.-C. Wang, Closed manifolds with homogeneous complex structure, 
Amer. J. Math. 76 (1954), no. 1, 1-32. 



[44] Y. Watanabe and K. Takamatsu, On a K -space of constant holomorphic sectional 
curvature, Kodai Math. Sem. Rep. 25 (1973), 297-306. 

[45] J. A. Wolf and A. Gray, Homogeneous spaces defined by Lie group automor- 
phisms, I & //, J. Differential Geometry 2 (1968), 77-1 14 and 1 15-159. 

Victor M. Buchstaber 

Steklov Mathematical Institute, Russian Academy of Sciences 

Gubkina Street 8, 1 19991 Moscow, Russia 

E-mail: buchstab@mi.ras.ru 

School of Mathematics, University of Manchester 

Oxford Road, Manchester Ml 3 9PL, England 

E-mail: Victor.Buchstaber@manchester.ac.uk 



Svjetlana Terzic 

Faculty of Science, University of Montenegro 
Dzordza Vasingtona bb, 81000 Podgorica, Montenegro 
Email: sterzic@ac.me 



67 



